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Abstract. We study ideals in the semiring N of natural numbers, with a focus on those which
are lost when extending from N to Z. This leads to a new perspective on the classical theory of
numerical semigroups, including the introduction of a natural multiplicative structure. We prove
that unique factorization of ideals fails in N on several levels, introduce a handful of new tropical
multiplicative invariants of numerical semigroups, characterize integral closures of ideals in terms of
Newton polygons, and analyze the behavior of classical numerical semigroup invariants with respect
to the product operation.

1. Introduction

Number theory traditionally begins with the semiring N of natural numbers: the home of the
prime numbers and the fundamental theorem of arithmetic. Algebraic convenience leads us to
introduce additive inverses and work instead with the ring Z of integers. We keep extending our
numbers from Z to Q to R and ultimately C. And while the virtues of C are widely acknowledged,
at each stage of this extension a tradeoff occurs between useful, interesting structure and simplicity.
Number theory, to a large extent, lives in this space between Z and R, focused on the prime numbers
which get diminished in passing from Z to Q and lose their distinction in passing from Q to R. In
this paper and its sequel, we take a step back to study the following question:

Question 1.1. What is lost when passing from N to Z?

We find a wealth of structure hiding in this small gap waiting to be explored. The integers Z are
obtained from N by adjoining an additive inverse of the unit 1. In this way we may view Z as an
additive localization, analogous to the multiplicative localization which gives us Q from Z. When
localizing a ring, the main structures we lose are ideals and quotients. For example, all the prime
ideals of Z degenerate to the trivial ideal ⟨1⟩ in the field Q and none of the quotient maps Z → Fp

extend to Q. We begin our investigation of Question 1.1 by considering the ideals and quotients of
N which get lost in translation to Z. When localizing rings, these losses are related via the standard
correspondence between ideals and quotients. Without subtraction, however, this correspondence
breaks down for semirings like N, leading to two rich stories. In this paper we analyze the lost
ideals, and in a sequel we study the lost quotients of N and their analogs in number fields.

Every ideal in Z is, famously, principal. The first surprise is that this is far from true in N. For
example, the ideal

A := ⟨2, 3⟩ = {2a+ 3b : a, b ∈ N} = {0} ∪ {n ∈ N : n ≥ 2}

is clearly not principal. Note that the generators 2 and 3 are coprime, hence generate a trivial ideal
in Z. Thus A is a nontrivial ideal in N which becomes trivial after the introduction of −1. The
ideals in N with this property are known as numerical semigroups and have been intensively studied
for more than a century, although not from this perspective.

• Numerical semigroups arise naturally in algebraic geometry as the possible orders of vanish-
ing of polynomial functions along branches at a singular point (see [RG09, p. 5] for a list of
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references) and as the possible orders of poles of meromorphic functions at smooth points
of algebraic curves (see [Sti09, Thm. 1.6.8]).

• Semigroup rings K[A] with A a numerical semigroup are an important class of one-dimensional
local rings in commutative algebra and are precisely the coordinate rings of one-dimensional
affine toric varieties (see [RG09, p. 19] for a list of references).

• Numerical semigroups conjecturally correspond to power-sum bases for the field of symmetric
functions [Kak25; Kak27].

Our arithmetic perspective on numerical semigroups as ideals in N suggests new structures and
lines of inquiry. In particular, the natural multiplicative structure numerical semigroups inherit
as ideals appears to have been completely overlooked. This leads to fundamental questions about
factorizations, integrality, and the interaction between ideal multiplication and the many classical
invariants defined for numerical semigroups.

1.1. Results. Ideals were introduced to arithmetic as a means of correcting the failure of unique
factorization in extensions of the integers. For example, 6 has two incompatible factorizations in
the ring Z[

√
−5], but the ideal ⟨6⟩ does factor uniquely into prime ideals and in a way that resolves

the ambiguity at the level of elements. It is natural to ask whether this celebrated property of ideals
in Dedekind domains extends to ideals in N. Unfortunately, this is not the case. For example, if

A := ⟨5, 17⟩,
B := ⟨5, 17, 43⟩,
C := ⟨5, 11, 19, 23⟩,

then one may check that each of these ideals of N is irreducible and distinct yet AC = BC. Note
that the ideals A and B are quite similar; they agree up till 43. This sort of failure is common
and stems from the fact that the multiplicative semigroup of ideals in N is not cancellative. To see
past this issue we consider the universal cancellative quotient [Ideal(N)] of the semigroup of ideals.
Elements of [Ideal(N)] are equivalence classes [A] of ideals under the similarity relation A ∼ B if
and only if AC = BC for some nonzero ideal C. This semigroup brings the unique factorization
question back to life, but only briefly.

Theorem 1.2. The semigroup [Ideal(N)] of similarity classes of ideals in N does not have unique
factorization into irreducibles. Furthermore, the number of irreducible factors is also not well-
defined.

We prove this result as Theorem 3.15, where we provide two infinite families demonstrating the
extent of the failure. En route to proving Theorem 1.2 we introduce a number of new multiplicative
invariants of ideals and numerical semigroups. Let p ∈ N be a prime and let A ⊆ N be an ideal.

• For each k ≥ 0 define mp,k(A) := min{a ∈ A : vp(a) ≤ k}.
• Let Nmin[[T ]] be the semiring of formal power series in the variable T with coefficients in
Nmin, the tropical min-times semiring of natural numbers with ∞. The additive identity in
Nmin[[T ]] is

∑
k≥0∞T k and the multiplicative identity is 1 +

∑
k≥1∞T k. In Lemma 3.9 we

prove that the subset Dec ⊆ Nmin[[T ]] of series with weakly decreasing coefficient sequences
forms a semiring (although with a different multiplicative identity than in Nmin[[T ]]). Let
Sp : Ideal(N) → Dec be defined by

Sp(A) :=
∑
k≥0

mp,k(A)T k.
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• Let λ ≥ 1 be a real number and let R+
min be the tropical min-times semiring of nonnegative

real numbers with ∞. Define Φp,λ : Ideal(N) → R+
min by

Φp,λ(A) := min
k≥0

mp,k(A)λk.

• The pth Newton polygon of A is defined by

Np(A) := lower convex hull of {(k, logmp,k(A)) : k ≥ 0}.
Given convex sets X and Y , let X + Y = {x + y : x ∈ X, y ∈ Y } denote their Minkowski
sum. Let C denote the semigroup of convex subsets of R2 with respect to Minkowski sum.

Together with these new invariants, we also recall m0(A), the smallest positive element of A.

Theorem 1.3. Let p ∈ N be prime, let λ ≥ 1 be real, and let A,B ⊆ N be ideals. Then
(1) m0(AB) = m0(A)m0(B),
(2) mp,0(AB) = mp,0(A)mp,0(B),
(3) Sp(AB) = Sp(A)Sp(B),
(4) Φp,λ(AB) = Φp,λ(A)Φp,λ(B),
(5) Np(AB) = Np(A) +Np(B).

Furthermore, m0,mp,0,Φp,λ, and Np are cancellative invariants, hence are well-defined on similarity
classes of ideals.

Theorem 1.3 is proved in pieces as Lemma 3.6, Lemma 3.10, and Proposition 5.3. Note that
Ideal(N) forms a semiring with respect to addition and multiplication of ideals. The maps in
Theorem 1.3 may all be upgraded to semiring homomorphisms. Multiplicative invariants provide
methods for proving irreducibility of ideals and similarity classes of ideals.

Proposition 1.4. Let p ∈ N be prime and let A ⊆ N be an ideal.
(1) If either m0(A) or mp,0(A) is prime, then the similarity class [A] is irreducible.
(2) If A is a numerical semigroup and any of the following conditions holds, then A is irreducible.

(a) A has two minimal generators,
(b) A has a prime minimal generator,
(c) mp,0(A) and mp,ℓ(A) are coprime, where ℓ is the smallest index such that mp,ℓ(A) <

mp,0(A).

This result is proved as Lemma 3.11 and Proposition 3.12. To effectively work with the universal
cancellative quotient [Ideal(N)] one needs a method for testing similarity of ideals. We show that
every similarity class contains a unique maximal element. If A ⊆ N is an ideal, then we say a ∈ N is
integral over A if there is some nonzero ideal B ⊆ N such that aB ⊆ AB. The integral closure
A is the set of all natural numbers integral over A.

Proposition 1.5. If A,B ⊆ N are ideals, then
(1) A is an ideal,
(2) A ∼ A, and,
(3) A ∼ B if and only if A = B.

See Lemma 2.15 and Proposition 2.20. Thus the problem of testing similarity reduces to the
problem of calculating integral closures of ideals, and further simplifications reduce this from ideals
to numerical semigroups. One of our main results is an effective characterization of integral closures
in terms of the p-Newton polygons of the ideal.
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Theorem 1.6. Let A ⊆ N be an ideal and let a ∈ N. The following are equivalent

(1) a ∈ A,
(2) ak ∈ Ak for some k ≥ 1,
(3) (vp(a), log a) ∈ Np(A) for all primes p,
(4) If A is nonzero, then Φp,λ(A) ≤ aλvp(a) for all primes p and all λ ≥ 1.

This is proved as Lemma 5.2 and Theorem 5.4. The Newton polygons Np(A) only impose
nontrivial conditions for primes p dividing the multiplicity m0(A). Hence Theorem 1.6 provides an
efficient algorithm for computing the integral closure of an ideal in N.

There are many classically defined invariants of numerical semigroups, such as the genus, Frobe-
nius number, Apéry set, and type (see Sections 3.1, 4.1, 4.2). We study the behavior of these
invariants with respect to ideal multiplication, and in particular under powers Ak.

Numerical semigroups with two generators S = ⟨m,n⟩ are exceptionally nice in that all the
classical invariants may be computed explicitly with closed form formulas. We show the same is
true for their powers Sk.

Theorem 1.7. Let S = ⟨m,n⟩ where m < n are coprime and let k ≥ 1.

(1) The Apéry set of Sk is

Ap(Sk) = {j1mk−1n+ . . .+ jkn
k : 0 ≤ ji < m}.

(2) The Frobenius number of Sk is

F (Sk) =
(m− 1)nk+1 − (n− 1)mk+1

n−m
.

(3) The genus of Sk is

g(Sk) =
nk+1(m− 1) + n−mk+1(n− 1)−m

2(n−m)
.

(4) The type of Sk is t(Sk) = 1. In other words, Sk is symmetric for all k ≥ 1.

This theorem is proved as Theorem 4.1, Corollary 4.3, and Proposition 4.10. Leveraging our
analysis of the two-generator case, we prove the following result on the asymptotic growth rate of
Frobenius numbers and genera for any numerical semigroup. Let mmax(A) := maxpmp(A).

Theorem 1.8. Let A be a numerical semigroup. Then

lim
k→∞

logF (Ak)

k
= lim

k→∞

log g(Ak)

k
= logmmax(A).

This is proved as Theorem 4.11.

1.2. Organization. We begin in Section 2 with the foundations of ideals in semirings. This in-
cludes an analysis of notions of integrality which are equivalent for rings but fracture into a series
of implications for semirings (see Section 2.2). Section 3 focuses on ideals in the natural num-
bers, reviews the basics of numerical semigroups, introduces multiplicative invariants, and studies
factorization of ideals in N. Section 4 contains our results about numerical semigroups with two
generators and their consequences. Section 5 characterizes integral closures of ideals in N.
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2. Ideals in Semirings

In this paper we use the following standard definitions of a (commutative) semiring.

Definition 2.1. A semiring R is a set with two associative, commutative binary operations called
addition + and multiplication · with identities 0 and 1 respectively, such that multiplication dis-
tributes over addition and a · 0 = 0 for all a ∈ R. We require our semiring homomorphisms to
respect both 0 and 1.

Definition 2.2. An R-module is a commutative monoid M together with a semiring homomor-
phism ρ : R → End(M). Given r ∈ R and m ∈ M we write rm := ρ(r)(m).

Definition 2.3. An ideal of R is an R-submodule A of R. Equivalently, A ⊆ R is a subset closed
under addition such that ra ∈ A for all r ∈ R and a ∈ A.

The standard operations of addition, multiplication, and intersection of ideals are defined the
same for ideals in a semiring as they are for ideals in a commutative ring. Let Ideal(R) denote the
set of all ideals of R. With the operations of addition and multiplication of ideals, Ideal(R) forms a
semiring with identity elements ⟨0⟩ and ⟨1⟩. Note that A+A = A for all A ∈ Ideal(R), so Ideal(R)
is a B-algebra where B = {0, 1} is the Boolean semiring.

Definition 2.4. An element r ∈ R is said to be regular if rs = 0 implies s = 0. An ideal A ⊆ R
is regular if A contains at least one regular element.

Note that if r and s are regular elements, then rs is also regular. Hence it follows that the sum
and product of regular ideals is regular. Let Idealrfg(R) ⊆ Ideal(R) be the subsemiring of all regular,
finitely generated ideals together with ⟨0⟩.

2.1. Universal Cancellative Quotient. Let M be a multiplicative commutative semigroup. If
a, b ∈ M , then we write a ∼ b if there exists c ∈ M such that ac = bc.

Lemma 2.5. The relation ∼ is a congruence on M . The quotient [M ] of M by ∼ is the universal
cancellative semigroup quotient of M .

Proof. Clearly ∼ is reflexive and symmetric. Suppose that a ∼ b and b ∼ c. Let d, e ∈ M be
elements such that ad = bd and be = ce. Then

ade = (ad)e = (bd)e = (be)d = (ce)d = cde.

Hence a ∼ c. Thus ∼ is an equivalence relation. Suppose that a1 ∼ b1 and a2 ∼ b2 and let c1, c2 ∈ M
be such that aici = bici. Then

(a1a2)(c1c2) = (a1c1)(a2c2) = (b1c1)(b2c2) = (b1b2)(c1c2),

hence a1a2 ∼ b1b2. Thus ∼ is a congruence on M . The quotient [M ] is clearly cancellative and any
cancellative quotient must factor through [M ], hence [M ] is the universal cancellative quotient of
M . □
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Note that M 7→ [M ] is a functor from commutative semigroups to cancellative commutative
semigroups. This functor is the left adjoint to the natural forgetful functor. Our main interest
in this construction stems from the case where M = Idealrfg(R) is the multiplicative commutative
semigroup of regular, finitely generated ideals in R. That is, if A,B ∈ Idealrfg(R), we say A ∼ B
if there is some C ∈ Idealrfg(R) such that AC = BC. Lemma 2.5 implies that [Idealrfg(R)] is the
universal cancellative quotient for the multiplicative semigroup of regular finitely generated ideals.
We would like to understand the multiplicative structure of Idealrfg(R), especially in cases where
R is arithmetic in nature. Similarity introduces many multiplicative relations in Idealrfg(R); the
quotient [Idealrfg(R)] allows us to step past similarity in order to study more fundamental relations.

We noted above that Idealrfg(R) is more than a multiplicative semigroup, it also carries the
structure of a semiring. The next proposition shows that this is also true for [Idealrfg(R)], hence
that [Idealrfg(R)] is a semiring quotient of Idealrfg(R).

Proposition 2.6. Let [Idealrfg(R)] denote the set of similarity classes of regular, finitely generated
ideals in R together with the zero ideal. Then [Idealrfg(R)] forms a semiring with operations defined
representativewise.

Proof. We already know that similarity respects multiplication, so all that remains is to show that
it respects ideal addition. Suppose that A1 ∼ A2 and B1 ∼ B2 with C,D ∈ Idealrfg(R) such that
A1C = A2C and B1D = B2D. Then

(A1 +B1)CD = A1CD +B1CD = (A1C)D + (B1D)C = (A2C)D + (B2D)C = (A2 +B2)CD.

Hence A1 +B1 ∼ A2 +B2. □

2.2. Integral Extensions of Semirings. Before proceeding with our study of Idealrfg(R) we take
an interlude into notions of integrality for semirings. Given an extension of commutative rings
R ⊆ S, there are several equivalent definitions of what it means for an element s ∈ S to be integral
over R. If R ⊆ S are commutative semirings, these equivalencies degenerate into a series of strict
implications.

Definition 2.7. Suppose R ⊆ S is an extension of semirings and let s ∈ S. We define five types of
integrality:

(1) The semiring R[s] is a finitely generated R-module.
(2) There exists a semiring R[s] ⊆ R′ ⊆ S such that R′ is a finitely generated R-module.
(3) There exists a faithful R[s]-module M ⊆ S which is finitely generated as an R-module.
(4) There exists a faithful R[s]-module M which is finitely generated as an R-module.
(5) There exists a d ≥ 1 and polynomials f(x), g(x) ∈ R[x] with degree less than d such that

sd + f(s) = g(s).

Let D := N[ε]/⟨ε2 = 0⟩. Note that every element of D may be uniquely represented as a+ bε for
some a, b ∈ N. Let u := 1 + ε and let C := N[u] ⊆ D.

Lemma 2.8. If M ⊆ C is a C-submodule which is finitely generated as an N-module, then M = {0}.

Proof. Every nonzero element a+ bε ∈ C has a ̸= 0. Let σ(a+ bε) := b/a be the slope of a+ bε. If
B ⊆ C is a finitely generated N-module, say B = ⟨β1, . . . , βn⟩, let S := maxi σ(βi) be the maximum
slope of a generator. If β =

∑n
i=1miβi and βi = ai + biε, then

σ(β) =

∑n
i=1mibi∑n
i=1miai

≤ S.

Hence finitely generated N-submodules of C have uniformly bounded slope.
Now suppose that β = a+ bε ∈ C is a nonzero element. Then

unβ = (1 + nε)(a+ bε) = a+ (na+ b)ε
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has slope

σ(unβ) =
na+ b

a
= n+

b

a
,

which is unbounded. Thus if M ⊆ C is a C-submodule which is finitely generated as an N-module,
then M = {0}. □

Proposition 2.9. The following implications between integrality types for commutative semirings
are strict:

(1) =⇒ (2) =⇒ (3) =⇒ (4) =⇒ (5).

Proof. First we prove the implications. Clearly (1) implies (2). Suppose (2) holds and let R[s] ⊆
R′ ⊆ S be a semiring such that R′ is finitely generated as an R-module. Then R′ ⊆ S is an
R[s]-module and 1 ∈ R′ implies that R′ is faithful. Thus (3) holds. Clearly (3) implies (4).

Finally suppose (4) is true and let M be the module it provides. Suppose M is generated by
d elements and let As be the multiplication-by-s linear endomorphism of M . Rutherford [Rut64]
proved a semiring generalization of the Cayley-Hamilton theorem which tells us that for any linear
endomorphism A of an R-module generated by d elements, there are polynomials f(x), g(x) ∈ R[x]
with degree less than d such that Ad+ f(A) = g(A). Applying this to As and using the assumption
that M is a faithful R[s]-module, we conclude that sd + f(s) = g(s).

Now we show that (n) does not imply (n−1) in general. Consider R = N and R′ = S := D. Note
that D is generated by 1 and ε as an N-module. Let s := u = 1 + ε. Then R[s] ⊆ R′ ⊆ S and thus
(2) is satisfied. However Lemma 2.8 implies that R[s] = C is not a finitely generated R-module.
Hence (2) ̸⇒ (1).

Let R := N and let S be the semiring with underlying set C ×D with componentwise addition
and multiplication defined by

(c1, d1)(c2, d2) = (c1c2, c1d2 + c2d1).

Let s := (u, 0) ∈ S and M := {0} ×D. Then R[s] = C × {0} ⊆ S and M is an R[s]-module. Since
D is a finitely generated N-module, M is finitely generated as an R-module. Finally note that if
(c1, 0), (c2, 0) ∈ C act the same on M , then

(0, c1) = (c1, 0)(0, 1) = (c2, 0)(0, 1) = (0, c2),

hence c1 = c2. Thus M is a faithful R[s]-module. Hence (3) holds. Suppose that (2) holds and
let R′ be the finitely generated R-module provided by (2). Let π : S → C be the projection onto
the first component. Then π(R′) is an R[s]-submodule of C which is finitely generated over R.
Since R[s] ∼= C, Lemma 2.8 implies that π(R′) must be zero. However the multiplicative identity
(1, 0) ∈ R′ maps to a nonzero element under π. This contradiction implies that (3) ̸⇒ (2).

Let R := N, s := u, S := C and let M := D. Then M is a faithful R[s]-module and a finitely
generated R-module. Hence (4) holds. However Lemma 2.8 implies that S does not contain any
faithful R[s] = C-modules which are finitely generated over R. Hence (4) ̸⇒ (3).

Finally, let R := B be the Boolean semiring and let S := Nmin be the tropical min-times semiring
of natural numbers together with ∞. The addition on Nmin is min and the multiplication is the usual
multiplication of natural numbers. We may identify the Boolean semiring B with the subsemiring
{1,∞} ⊆ S. Let s := 2 ∈ S. Then s2 + 1 = 1, hence (5) is satisfied with d = 2 and f(x) = g(x) =
1 ∈ B[x]. Note that R[s] = {2n : 0 ≤ n ≤ ∞} is infinite. Every finitely generated R-module is
finite (a B-module with n generators has at most 2n elements). Hence if M is a finitely generated
R-module, the R-endomorphism ring of M is also finite. But if M were a faithful R[s]-module, then
the infinite semiring R[s] maps injectively into the R-endomorphism ring of M , a contradiction.
Thus (5) ̸⇒ (4). □
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If R is a commutative ring and A ∈ Idealrfg(R) is an ideal, there is also a notion of integrality of
r ∈ R over A. The simplest definition is that r is integral over A if there exists a faithful, finitely
generated R-module M such that rM ⊆ AM . This notion of integrality is equivalent to a special
case of integrality of an element in an extension applied to the Rees algebra R[At] :=

⊕∞
i=0A

iti.
Namely, r ∈ R is integral over A when rt ∈ R[t] is integral over R[At]. The Rees algebra construction
works without change when R is a commutative semiring and A ∈ Idealrfg(R) is an ideal. Hence we
may translate the five types of integrality from Definition 2.7 into five notions of integrality of an
element r ∈ R over an ideal A. To perform the translations, we replace the base semiring R with
the Rees algebra R[At] and let s := rt. Note that R[At][rt] = R[(A+ ⟨r⟩)t] as graded R-algebras.

Definition 2.10. Let R be a semiring, let A ∈ Idealrfg(R) be a finitely generated ideal, and let
r ∈ R be an element. We define five types of integrality of r over A.

(1*) The semiring R[(A+ ⟨r⟩)t] is a finitely generated R[At]-module.
(2*) There exists a semiring R[At] ⊆ R′ ⊆ R[t] such that R′ is a finitely generated graded

R[At]-module.
(3*) There exists a faithful graded R[(A + ⟨r⟩)t]-module B ⊆ R[At] which is finitely generated

as an R[At]-ideal.
(4*) There exists a faithful graded R[(A + ⟨r⟩)t]-module M which is finitely generated as an

R[At]-module.
(5*) There is some d ≥ 1 and elements ai, bi ∈ Ai such that

rd +

d∑
i=1

air
d−i =

d∑
i=1

bir
d−i.

Finally, to make these definitions more practical we may extract equivalent conditions at each
graded level to get a notion of integrality without reference to the auxiliary variable t.

Definition 2.11. Let R be a semiring, let A ∈ Idealrfg(R) be an ideal, and let r ∈ R be an element.
We define five types of integrality of r over A.

(1) There is some k ≥ 1 such that (A+ ⟨r⟩)k = A(A+ ⟨r⟩)k−1.
(2) There exists a sequence of finitely generated ideals Bk ⊆ R such that (A + ⟨r⟩)k ⊆ Bk,

BjBk ⊆ Bj+k, and there exists some d ≥ 0 such that Bk+1 = ABk for all k ≥ d.
(3) There exists a regular finitely generated R-ideal B such that rB ⊆ AB.
(4) There exists a faithful finitely generated R-module M such that rM ⊆ AM .
(5) There is some d ≥ 0 and elements ai, bi ∈ Ai such that

rd +

d∑
i=1

air
d−i =

d∑
i=1

bir
d−i.

Proposition 2.12. Let R be a semiring, let A ∈ Idealrfg(R) be an ideal, and let r ∈ R be an
element. Then (i∗) ⇔ (i) for 1 ≤ i ≤ 5.

Proof. (1∗) ⇔ (1). If R[(A+ ⟨r⟩)t] is a finitely generated R[At]-module, then there is some largest
degree k − 1 ≥ 0 which arises in a generator of R[(A+ ⟨r⟩)t]. Consider the degree k component of
R[(A+ ⟨r⟩)t] which is (A+ ⟨r⟩)ktk. By assumption we must have

(A+ ⟨r⟩)ktk =
k⊕

j=1

(At)j(A+ ⟨r⟩)k−jtk−j ⊆ (At)(A+ ⟨r⟩)k−1tk−1.

Thus (A+ ⟨r⟩)k ⊆ A(A+ ⟨r⟩)k−1. The reverse inclusion is automatic, hence

(A+ ⟨r⟩)k = A(A+ ⟨r⟩)k−1.
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Hence (1∗) ⇒ (1). For the reverse implication, note that since A is finitely generated, so is (A+⟨r⟩)j
for all j ≥ 0. Thus S =

⊕k−1
i=0 (A + ⟨r⟩)iti is finitely generated as an R-module, and (A + ⟨r⟩)k =

A(A+ ⟨r⟩)k−1 implies that S generates R[(A+ ⟨r⟩)t] as an R[At]-module.
(2∗) ⇔ (2). By assumption we have R′ =

⊕∞
k=0Bkt

k where each Bk is an R-ideal. The grading
on R′ implies that BjBk ⊆ Bj+k for all j, k ≥ 0. The containment R[At] ⊆ R′ of graded semirings
implies that (A+ ⟨r⟩)k ⊆ Bk. If R′ is a finitely generated R[At]-module, then there is some d ≥ 0
such that R′ is generated by elements in degree at most d. Thus for k ≥ d we have

Bk+1 =
d∑

i=0

Ak+1−iBi ⊆ ABk,

and the reverse inclusion is immediate, hence Bk+1 = ABk. That shows (2∗) ⇒ (2). In the other
direction, if Bk+1 = ABk for all k ≥ d, then it follows that R′ is generated as an R[At]-module by
elements of degree at most d. Since each Bk is finitely generated as an R-module, it follows that R′

is finitely generated as an R[At]-module.
(3∗) ⇔ (3). Suppose B =

⊕∞
k=0Bkt

k ⊆ R[At] is a faithful, graded R[(A + ⟨r⟩)t]-module which
is finitely generated as an R[At]-ideal. Then there is some d ≥ 0 such that B is generated by
elements in degree at most d. Thus, as argued in previous steps, this implies that for n ≥ d we have
Bn+1 = ABn. On the other hand, note that

rBnt
n+1 = (rt)Bnt

n ⊆ Bn+1t
n+1 = ABnt

n+1.

Hence rBn ⊆ ABn. Conversely, if B0 is a regular finitely generated R-ideal such that rB0 ⊆ AB0,
then consider the graded R[At]-ideal generated by B0, namely

B := R[At]B =

∞⊕
k=0

(AkB0)t
k.

Our assumption implies that B is a faithful, graded R[(A+ ⟨r⟩)t]-module. As an R[At]-ideal, B is
generated by elements in degree 0, hence is finitely generated.

(4∗) ⇔ (4). Suppose M =
⊕∞

k=0Mkt
k is a faithful, graded R[(A+ ⟨r⟩)t]-module which is finitely

generated as an R[At]-module. Then there is some d ≥ 0 such that M is generated by elements
in degree at most d. Thus, as argued in previous steps, this implies that for n ≥ d we have
Mn+1 = AMn. On the other hand, note that

rMnt
n+1 = (rt)Mnt

n ⊆ Mn+1t
n+1 = AMnt

n+1.

Hence rMn ⊆ AMn. Conversely, if M0 is a finitely generated faithful R-module such that rM0 ⊆
AM0, then consider the graded module M :=

⊕∞
k=0(A

kM0)t
k. Our assumption implies that M is

a faithful graded R[(A+ ⟨r⟩)t]-module. As an R[At]-module, M is generated by elements in degree
0, hence is finitely generated.

(5∗) ⇔ (5). These conditions are identical. □

Each of these notions of integrality may have their merits. For our purposes of studying factor-
izations of ideals, type (3) integrality of elements over an ideal is the one we need. From now on,
we adopt this as our standard notion of integrality over an ideal.

We extract one practical sufficient condition for integrality from Proposition 2.12.

Corollary 2.13. Let A ∈ Idealrfg(R) be an ideal and let r ∈ R. If there is some k ≥ 1 such that
rk ∈ Ak, then r is type (1) integral over A, hence also type (3) integral over A.

Proof. Suppose that rk ∈ Ak. Then

(A+ ⟨r⟩)k = Ak + rAk−1 + . . .+ rk−1A+ ⟨rk⟩ ⊆ Ak + rAk−1 + . . .+ rk−1A = A(A+ ⟨r⟩)k−1.

This is the definition of type (1) integrality. □
9



2.3. Integral Closure. Let A be an ideal in a semiring R. From now on, when we refer to
integrality over an ideal, we mean type (3) integrality.

Definition 2.14. We say r ∈ R is integral over A if there exists B ∈ Idealrfg(R) such that
rB ⊆ AB. The integral closure of A is A := {r ∈ R : r is integral over A}.

Lemma 2.15. If A ⊆ R is an ideal, then A is an ideal.

Proof. Suppose r1, r2 ∈ A and let B1, B2 ∈ Idealrfg(R) be such that riBi ⊆ ABi. Then B1B2 ∈
Idealrfg(R) and

(r1 + r2)B1B2 ⊆ r1B1B2 + r2B1B2 ⊆ (AB1)B2 + (AB2)B1 = AB1B2.

Hence r1 + r2 ∈ A. Suppose s ∈ A and B ∈ Idealrfg(R) is an ideal such that sB ⊆ AB. If r ∈ R,
then

rsB ⊆ rAB ⊆ AB,

since A is an ideal. Thus rs ∈ A and A is an ideal of R. □

Similarity of ideals implies equality of their integral closures.

Lemma 2.16. If A,B ∈ Idealrfg(R), then A ∼ B implies that A = B.

Proof. Let C ∈ Idealrfg(R) be such that AC = BC. If r ∈ A, then there is some D ∈ Idealrfg(R)

such that rD ⊆ AD. Hence rCD ⊆ ACD = BCD. Therefore r ∈ B, which proves that A ⊆ B.
Thus by symmetry we conclude that A = B. □

Lemma 2.17. Let A ∈ Idealrfg(R). If r ∈ R, then A+ ⟨r⟩ ∼ A if and only if r ∈ A.

Proof. Suppose that B ∈ Idealrfg(R) is an ideal such that

AB = (A+ ⟨r⟩)B = AB + rB.

This is equivalent to rB ⊆ AB, which is precisely what it means for r ∈ A. Thus A + ⟨r⟩ ∼ A if
and only if r ∈ A. □

Lemma 2.18. If A ⊆ B ⊆ R are ideals, then A ⊆ B.

Proof. Suppose a ∈ A and let C ∈ Idealrfg(R) be an ideal such that aC ⊆ AC. Then A ⊆ B implies
that AC ⊆ BC, hence aC ⊆ BC. Therefore a ∈ B. □

Definition 2.19. We say a semiring R is Noetherian if every ascending chain of ideals eventually
stabilizes.

Proposition 2.20. If R is Noetherian, then A ∼ A for all A ∈ Idealrfg(R). In particular, A ∼ B if
and only if A = B.

Proof. Since R is Noetherian, there are finitely many elements b1, . . . , bn ∈ A such that A +
⟨b1, . . . , bn⟩ = A. Let A0 := A and then recursively define Ai+1 := Ai + ⟨bi+1⟩. Then Lemma 2.16
and Lemma 2.17 imply that Ai ∼ Ai+1 for each i. Therefore A ∼ A. The final assertion follows
from what was just shown and Lemma 2.16. □

Proposition 2.20 implies that if R is Noetherian, every similarity class in Idealrfg(R) contains a
maximal element, namely the common integral closure of all the elements in the similarity class.
Thus in this case we can, in principle, determine similarity between ideals by checking if their
integral closures are equal. The problem is that calculating integral closures of ideals appears to be
a challenging problem, even for the simplest semirings.

Problem 2.1. Given a semiring R, find an effective algorithm to compute A for A ∈ Idealrfg(R).
10



Given an ideal A and an element r ∈ R, in order to show that r ∈ A one needs to construct an
ideal B ∈ Idealrfg(R) such that rB ⊆ AB. Note that this is essentially equivalent to constructing a
matrix with entries in A which has r as an eigenvalue. If such an ideal exists, there is an algorithm
which, depending on R, is often effective for finding the maximal witness B. The construction uses
iterated colon ideals.

Definition 2.21. If A,B ⊆ R are ideals, then the colon ideal (A : B) is defined by

(A : B) := {r ∈ R : rB ⊆ A}.

Now let A ∈ Idealrfg(R) and let r ∈ R be a candidate for A. Consider the recursive sequence of
ideals defined by B0 = R and

Bk+1 = (ABk : ⟨r⟩) = {b ∈ R : rb ∈ ABk}.
The sequence Bk is monotone decreasing, Bk ⊇ Bk+1 for all k ≥ 0.

Lemma 2.22. With notation as above, if there exists B ∈ Idealrfg(R) such that rB ⊆ AB, then
B ⊆

⋂
k≥0Bk.

Proof. We proceed by induction. For the base case, clearly B ⊆ R = B0. Now suppose that B ⊆ Bk.
Then rB ⊆ AB ⊆ ABk, which implies that B ⊆ Bk+1. Thus B ⊆

⋂
k≥0Bk. □

If there are only finitely many ideals between any given pair B ⊆ C and if such a witness exists,
then this lemma implies the sequence Bk must converge to a fixed point after finitely many steps,
and that fixed point is the maximal witness. However, it is not clear how to bound the number
of iterations required to reach stabilization. Thus this only gives us a semi-decision procedure for
checking if elements belong to the integral closure.

3. Ideals in the Natural Numbers

We now turn from general theory to the special case of R = N, the initial semiring. Here we may
leverage the well-ordering and arithmetic structure of N to construct refined invariants for studying
similarity classes of ideals.

3.1. Numerical Semigroups. Every ideal in the ring Z is principal. However the semiring N
has non-principal ideal which get lost in translation when passing from N to Z. These ideals,
known as numerical semigroups, have been extensively studied for their many interesting properties
and connections to geometry, algebra, and combinatorics. We briefly review the fundamentals we
require.

Definition 3.1. A numerical semigroup is an ideal A ⊆ N which contains a pair of coprime
integers.

Our definition differs slightly from the standard definition of a numerical semigroup. We adopt
this definition with an eye towards generalizations to be explored in a sequel to this paper. The
following well-known result proves equivalence between our definition and the more standard one.

Proposition 3.2. If A is a numerical semigroup, then N \A is finite.

Proof. Let A be a numerical semigroup and suppose that a, b ∈ A are coprime elements. Then a, b
generate the trivial ideal in Z, which implies there are natural numbers m,n such that ma = 1+nb.
If 0 ≤ r < b, then rma = r + rnb ≡ r mod b is an element of A which is congruent to r modulo b.
Furthermore, since b ∈ A all natural numbers larger than rma which are congruent to r mod b will
also belong to A. Thus there are finitely many natural numbers which do not belong to A. □

Numerical semigroups always have a generating set of coprime elements.
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Lemma 3.3. Let A be a nonzero ideal in N. Then A is a numerical semigroup if and only if
A = ⟨a1, . . . , an⟩ for some ai such that gcd(a1, . . . , an) = 1.

Proof. First suppose that A is a numerical semigroup. Let a1 < a2 < . . . be an enumeration of the
nonzero elements of A in order. Let Ak := ⟨a1, . . . , ak⟩. Then Ak ⊆ Ak+1 and A =

⋃
k≥1Ak. Since

A is a numerical semigroup, there must be some m such that gcd(a1, . . . , am) = 1. Hence Am is
a numerical semigroup. Proposition 3.2 implies that A \ Am is finite. Therefore A = An for some
n ≥ m.

Next suppose that A = ⟨a1, . . . , an⟩ for some ai such that gcd(a1, . . . , an) = 1. Since a1, . . . , an
generate the trivial ideal in Z, it follows that, after possibly reordering the ai, there are natural
numbers mi and some 1 ≤ ℓ ≤ n such that

m1a1 + . . .+mℓaℓ = 1 +mℓ+1aℓ+1 + . . .+mnan.

Note that m1a1 + . . . + mℓaℓ and mℓ+1aℓ+1 + . . . + mnan are both elements of A, and the above
identity implies that they are coprime. Hence A is a numerical semigroup. □

Every ideal in N canonically factors as a principal ideal times a numerical semigroup.

Lemma 3.4. If A ⊆ N is an ideal, then A = gB for some g ∈ N and numerical semigroup B.

Proof. If A = {0}, then g := 0 and B = N will do. Now suppose A is nonzero and let g := gcd(A).
Let B := {a/g : a ∈ A} ⊆ N and note that B is an ideal of N. Let b1 < b2 < . . . be an enumeration
of B and define gn := gcd(b1, . . . , bn). Then gn is a weakly decreasing sequence of natural numbers
which converges to 1. Hence there is some n such that gn = 1. Thus ⟨b1, . . . , bn⟩ is a numerical
semigroup by Lemma 3.3. Therefore B itself is a numerical semigroup. The identity A = gB follows
by construction. □

Let A be a numerical semigroup. The Frobenius number of A, denoted F (A), is the largest
element of N\A. The genus of A is the cardinality of N\A. Every numerical semigroup has a unique
minimal set of generators. The embedding dimension of A is the number of minimal generators
of A. For a general overview of numerical semigroups and many references to the literature, we
recommend the book by Rosales and García-Sánchez [RG09].

Let NS denote the set of all numerical semigroups together with the zero ideal ⟨0⟩. Lemma 3.3
together with Lemma 3.4 implies that N is a Noetherian semiring. Every nonzero element of N
is regular, hence every nonzero ideal in N is regular and finitely generated. Thus Idealrfg(N) =
Ideal(N). Furthermore, Lemma 3.3 implies that NS is closed under addition and multiplication of
ideals. Thus NS ⊆ Ideal(N) is a subsemiring.

While numerical semigroups have been intensely studied, their natural multiplicative structure
appears to have been completely overlooked. The multiplicative structure of ideals is of central
interest from a number theoretic perspective. One natural question to ask is whether or not ideals
in N factor uniquely into irreducibles. We show in Theorem 3.15 that unique factorization fails at
several levels for numerical semigroups. That leaves open the problem of analyzing the multiplicative
relations in NS.

3.2. Multiplicities. If A ⊆ N is a nonzero ideal, then the multiplicity m0(A) is the smallest
positive element in A. We define m0({0}) := ∞. Clearly we have m0(AB) = m0(A)m0(B) for all
ideals A,B. To help us analyze the multiplicative structure of ideals in N we construct variations on
the multiplicity associated to prime ideals in N. Prime ideals are defined identically for semirings
as in rings. First we classify the prime ideals in N.

Lemma 3.5. If P ⊆ N is a prime ideal, then either
(1) P = ⟨p⟩ for p a prime number,
(2) P = ⟨0⟩, or

12



(3) P = ⟨2, 3⟩.

Proof. Clearly ⟨p⟩ is a prime ideal when p is prime or p = 0. Let P = ⟨2, 3⟩ = {0}∪{n ∈ N : n ≥ 2}.
If a, b ∈ N are positive integers such that ab ∈ P , then ab ≥ 2, which implies that either a ≥ 2 or
b ≥ 2. Thus P is prime.

Conversely, suppose P ⊆ N is a nonzero prime ideal. Lemma 3.4 implies that P = gB where
g := gcd(P ) and B is a numerical semigroup. Let m be the multiplicity of B. Then gm ∈ P , which
implies that either g ∈ P or m ∈ P . Since gm is the smallest positive element of gB, the only
way g ∈ P is if m = 1. In that case B = N and P = ⟨p⟩. If m ∈ P , then g = 1 and P = B.
Proposition 3.2 implies that P is cofinite. Hence pk ∈ P for every prime p and all sufficiently large
k. Thus p ∈ P for all primes p. In particular, 2, 3 ∈ P which implies that ⟨2, 3⟩ ⊆ P . Since P is a
proper ideal, we must have P = ⟨2, 3⟩. □

Remark. There are many examples in number theory of objects which are parametrized by prime
numbers with one exception. The ur-example of this phenomenon is equivalence classes of absolute
values on Q. These patterns led to the idea of a missing prime which completes our classification.
Motivated by a geometric analogy, this missing prime is often referred to as the prime at infinity.
Many instances of this phenomenon may be linked back to absolute values. The concept of places
was created in an attempt to put all the primes, including the prime at infinity, on an equal footing.

However, the analogy is incomplete. Thus it is notable that N contains exactly one prime ideal
not visible in Z. In the sequel we study quotients of arithmetic semirings generalizing N to higher
degree extensions. Although the link between ideals and quotients fractures for semirings, it is also
the case that N has one more semifield quotient than Z. □

Let P ⊆ N be a prime ideal and let A be an ideal. We define the prime-to-P multiplicity
mP (A) := min(A \ P ), where we set min(∅) := ∞.

Lemma 3.6. If A,B ⊆ N are ideals and P ⊆ N is a prime ideal, then

mP (AB) = mP (A)mP (B).

Proof. Let aP := mP (A) and bP := mP (B). Suppose at least one of aP or bP is ∞; without loss of
generality suppose aP = ∞. Then every element of A belongs to P , hence the same is true for AB.
Thus mP (AB) = ∞ = mP (A)mP (B).

Now suppose that aP , bP < ∞. Then aP bP ∈ AB \ P by the definition of a prime ideal. Let
mP (AB) = a1b1 + . . . + anbn. If a sum belongs to the complement of an ideal, then at least one
summand must be in that complement, hence aibi ∈ AB \ P for some i. Hence ai, bi /∈ P . Since
ai ≥ aP and bi ≥ bP we have mP (AB) = aibi ≥ aP bP . Thus mP (AB) = aP bP . □

If P = ⟨p⟩, then we write mp as a shorthand for m⟨p⟩. This is consistent with our notation m0(A)
for the multiplicity of A. If P = ⟨2, 3⟩, then

mP (A) =

{
1 if A = N,
∞ otherwise.

Hence this invariant just captures triviality.
Suppose A,B are numerical semigroups. Then mp(A),mp(B) < ∞. If A ∼ B, then there is some

ideal C such that AC = BC. Thus

mp(A)mp(C) = mp(AC) = mp(BC) = mp(B)mp(C).

Positive integers are multiplicatively cancellative, hence mp(A) = mp(B). Therefore the functions
mp are invariants of similarity classes.

Let Nmin be the semiring with underlying set N ∪ {∞} and operations a ⊕ b := min(a, b) and
a⊗ b := ab. We call Nmin the tropical min-times semiring. Note that ∞ is the additive identity
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and 1 is the multiplicative identity in Nmin. Observe that each mp defines a semiring homomorphism
from Ideal(N) to Nmin.

The mp invariants may be usefully extended to sequence mp,k of invariant functions. Given a
prime p ∈ N let vp denote the p-adic valuation. If A is an ideal, let

mp,k(A) := min{a ∈ A : vp(a) ≤ k}.
Note that mp,0(A) = mp(A). The values of mp,k(A) may in general be infinite, but if A is a
numerical semigroup, then mp,k(A) < ∞.

The mp,k invariants always take values among the generators of an ideal.

Lemma 3.7. If A = ⟨a1, . . . , an⟩ is a numerical semigroup, then for each k we have mp,k(A) = ai
for some i.

Proof. Let a := mp,k(A). Then a ∈ A implies there are some bi ∈ N such that

a = a1b1 + . . .+ anbn.

The ultrametric inequality implies that

k ≥ vp(a) ≥ min
i
{vp(ai) + vp(bi)}.

Hence there is some i such that bi ̸= 0 and vp(ai) ≤ k. Since ai ≤ a, the minimality of a implies
that ai = a = mp,k(A). □

When k > 0 the invariants mp,k are not multiplicative, but rather satisfy a min-times convolution
identity.

Lemma 3.8. Let p be a prime and let A,B ⊆ N be ideals. Then

mp,k(AB) = min
i+j=k

{mp,i(A)mp,j(B)}.

Proof. Suppose that c := a1b1 + . . . + anbn ∈ AB has vp(c) ≤ k. Then the ultrametric inequality
implies that vp(aibi) ≤ k for some i. Hence min{c ∈ AB : vp(c) ≤ k} is achieved by some product
ab. In particular,

mp,k(AB) = min{ab : a ∈ A, b ∈ B, vp(ab) ≤ k}
= min

i+j≤k
{mp,i(A)mp,j(B)}

= min
i+j=k

{mp,i(A)mp,j(B)},

where the last equality follows from the fact that mp,k(A) is weakly decreasing with k. □

Lemma 3.8 suggests that the mp,k invariants may be nicely packaged into a tropical generating
function. Note that the well-ordering principle implies that arbitrary sums (finite or infinite) in
Nmin are well-defined. Let Nmin[[T ]] be the semiring of formal power series in the variable T with
coefficients in Nmin. The additive identity in Nmin[[T ]] is

∑
k≥0∞T k and the multiplicative identity

is 1 +
∑

k≥1∞T k.

Lemma 3.9. Let Dec ⊆ Nmin[[T ]] be the set of all series
∑

k≥0 akT
k such that (ak) is a weakly

decreasing sequence. Then Dec forms a semiring with the same operations and additive identity as
Nmin[[T ]], but with multiplicative identity 1

1−T :=
∑

k≥0 T
k.

Proof. Let (ak) be an arbitrary sequence in Nmin. If we define (bk) by∑
k≥0

bkT
k :=

1

1− T

∑
k≥0

akT
k,
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then expanding the product we have

∑
k≥0

bkT
k =

∑
k≥0

( k⊕
j=0

aj

)
T k =

∑
k≥0

min
0≤j≤k

{aj}T k

The sequence bk = min0≤j≤k{aj} is weakly decreasing. Furthermore, if ak is already weakly de-
creasing, then bk = ak. In particular

(
1

1−T

)2
= 1

1−T . Thus 1
1−T is an idempotent which projects

Nmin[[T ]] onto Dec, which implies that Dec is precisely all multiples of 1
1−T in Nmin[[T ]]. Hence Dec

is closed under addition and multiplication; Dec contains the zero element ∞
1−T by definition. □

Let Sp : Ideal(N) → Dec be the function defined by

Sp(A) :=
∑
k≥0

mp,k(A)T k.

If A ̸= ⟨0⟩, then we have the alternative formula

Sp(A) =
1

1− T

∑
a∈A

aT vp(a). (3.2.1)

Lemma 3.10. If p is a prime, then Sp is a semiring homomorphism.

Proof. Let A,B ∈ Ideal(N). The ultrametric inequality vp(a+b) ≥ min{vp(a), vp(b)} and a+b ≥ a, b
imply that the min mp,k(A + B) is achieved by an element of A or B, hence that mp,k(A + B) =
min{mp,k(A),mp,k(B)}. Hence

Sp(A+B) =
∑
k≥0

mp,k(A+B)T k

=
∑
k≥0

min{mp,k(A),mp,k(B)}T k

=
∑
k≥0

(mp,k(A)⊕mp,k(B))T k

= Sp(A)⊕ Sp(B).

If A or B is the zero ideal, then so is AB and thus Sp(AB) = Sp(A)Sp(B). Now suppose that
neither A nor B is zero, hence neither is AB. As we argued in Lemma 3.8, the minimum defining
mp,k(AB) is achieved by a product ab. Therefore

Sp(AB) =
1

1− T

∑
a∈A
b∈B

abT vp(ab)

=
1

1− T

∑
a∈A
b∈B

abT vp(a)+vp(b)

=
( 1

1− T

)2 ∑
a∈A

aT vp(a)
∑
b∈B

bT vp(b)

= Sp(A)Sp(B).

Clearly Sp(⟨0⟩) = ∞
1−T and Sp(⟨1⟩) = 1

1−T . Thus Sp is a semiring homomorphism. □
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3.3. Irreducibility Criteria. The mp invariants provide a simple means by which to test the
irreducibility of ideals and, even better, similarity classes of ideals.

Lemma 3.11. Let A ⊆ N be an ideal and let p ∈ N be prime or zero. If mp(A) is prime, then A is
irreducible in Ideal(N) and [A] is irreducible in [Ideal(N)].

Proof. If A = BC, then [A] = [B][C], hence it suffices to prove that mp(A) being prime implies
[A] is irreducible. If [A] = [B][C], then mp(A) = mp(B)mp(C). Note that mp(B) = 1 if and
only if B = ⟨1⟩. Thus if [B] and [C] are nontrivial classes, then mp(A) is composite. This is the
contrapositive of our claim. □

Remark. The notion of an irreducible numerical semigroup has other meanings in the literature.
For instance, in [RG09] they define an irreducible numerical semigroup to be one that is not the
intersection of two numerical semigroups which properly contain it. We will not be making any
further reference to that notion of irreducibility with respect to intersections, and hence for this
work, we use irreducibility to mean irreducibility with respect to multiplication of ideals.

The next result provides three more irreducibility tests, none of which apply to similarity classes.

Proposition 3.12. Let A ⊆ N be a numerical semigroup. If any of the following conditions holds,
then A is irreducible.

(1) A has two minimal generators.
(2) A has a prime minimal generator.
(3) mp,0(A) and mp,ℓ(A) are coprime, where p is prime and ℓ is the smallest index such that

mp,ℓ(A) < mp,0(A).

Proof. (1) Let A = ⟨m,n⟩ with m < n coprime. Suppose A = BC where B = ⟨b1, . . . , br⟩ and
C = ⟨c1, . . . , cs⟩ are minimal generators where b1, c1 > 1 and the bi, ci are strictly increasing. Then
m = b1c1. The next two smallest generators of BC are b1c2 and b2c1. Suppose without loss of
generality that b1c2 ≤ b2c1. If b1c2 is not a minimal generator for BC, then it must be a multiple
of b1c1, but that is equivalent to c2 being a multiple of c1. This contradicts our assumption that
c2 is a minimal generator of C. Hence n = b1c2. However b1 > 1 divides both m and n, which
contradicts our assumption that m and n are coprime. Thus A is irreducible.

(2) If B = ⟨b1, . . . , bm⟩ and C = ⟨c1, . . . , cn⟩, then BC = ⟨bicj : 1 ≤ i ≤ m, 1 ≤ j ≤ n⟩. The
minimal generators for BC are contained in this list of products. Thus, if any minimal generator
of A is prime, then either B or C must contain 1, which implies that A is irreducible.

(3) Suppose that A = BC. Then Lemma 3.8 implies that for all k ≥ 0 we have

mp,k(A) = min
i+j=k

{mp,i(B)mp,j(C)}.

If i′ and j′ are the first indices where mp,i′(B) < mp,0(B) and mp,j′(C) < mp,0(C) and ℓ =
min{i′, j′}, then for all k < ℓ and i+j = k, we must have mp,i(B) = mp,0(B) and mp,j(C) = mp,0(C).
Thus mp,k(A) = mp,0(B)mp,0(C) = mp,0(A). At index k = ℓ we get the first decrease in mp,k(A),

mp,ℓ(A) = min
i+j=ℓ

{mp,i(B)mp,j(C)} = min{mp,ℓ(B)mp,0(C),mp,0(B)mp,ℓ(C)} < mp,0(A).

This identity implies that mp,ℓ(A) is divisible by either mp,0(B) or mp,0(C), which are proper factors
of mp,0(A). Thus, taking the contrapositive, if mp,0(A) and mp,ℓ(A) are coprime where ℓ is the index
of the first decrease, then A must be irreducible. □

3.4. Failure of Unique Factorization. In this section we show that unique factorization fails for
the multiplicative monoids Ideal(N) and [Ideal(N)].

Let S = ⟨m,n⟩ where m < n are coprime. Proposition 3.12(1) implies that S is irreducible.
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Lemma 3.13. The minimal generators of Sk are minj where i, j ≥ 0 and i+ j = k. Hence Sk has
embedding dimension k + 1.

Proof. Note that since m < n, if i1 + j1 = i2 + j2, then we have mi1nj1 < mi2nj2 if and only if
j1 < j2. Suppose for the sake of contradiction that minj with i + j = k is the smallest redundant
generator. Then we must have j > 0 since mk is the smallest element in Sk. Hence minj ∈ S′ :=
⟨mk,mk−1n, . . . ,mi+1nj−1⟩. However, note that each of the generators of S′ is divisible by mi+1,
which implies that mi+1 divides minj . But then we must have m | nj , which contradicts m and n
coprime. Therefore none of the minj are redundant. □

Given a finite set E ⊆ N with maxE = k, let

SE := ⟨mk−jnj : j ∈ E⟩.

Note that SE is a numerical semigroup if and only if 0 ∈ E. For example, let [k] := {0, 1, . . . , k},
then S[k] = Sk. If E1, E2 ⊆ N, let E1 + E2 = {e1 + e2 : ei ∈ Ei} denote the sumset. By comparing
generators we have

SE1SE2 = SE1+E2 .

Let [k]∗ := {0, k}. Then S[k]∗ = ⟨mk, nk⟩ is an irreducible numerical semigroup by Proposition
3.12(1). Observe that

[2] + [3]∗ = {0, 1, 2}+ {0, 3} = [5].

Hence we have
S2S[3]∗ = S[2]+[3]∗ = S[5] = S5. (3.4.1)

The left hand side of this product has three irreducible factors, and the right side has five. Thus
unique factorization fails for Ideal(N).

Another similar example:

[1] + [2]∗ + [2]∗ = {0, 1}+ {0, 2}+ {0, 2} = [5].

Hence we also have
S1S[2]∗S[2]∗ = S5. (3.4.2)

Digit expansions, including with mixed base, give rise to endless variations on these examples. This
encoding of sumset arithmetic into the multiplicative structure of numerical semigroups demon-
strates how flexible the failure of unique factorization is for ideals in N.

Remark. If A = ⟨a1, . . . , am⟩ and B = ⟨b1, . . . , bn⟩ are ideals, then the minimal generators of AB
are a subset of the products aibj . Thus we may effectively compute all factorizations of a given ideal.
We have implemented this factorization algorithm in Python together with all the other invariants
and operations discussed in this paper as part of a class of ideals in N. This code is available at
https://github.com/tghyde/numerical-ideals.

All the examples of non-unique factorization constructed so far may be resolved by passing to
similarity classes.

Lemma 3.14. If E ⊆ N is a finite set with minE = 0 and maxE = k, then SE ∼ Sk.

Proof. Since S[k]∗ ⊆ SE ⊆ Sk, we have S[k]∗ ⊆ SE ⊆ Sk by Lemma 2.18. Thus it suffices to prove
that each generator of Sk is integral over S[k]∗ by Proposition 2.20. Let minj with i + j = k be
a generator of Sk. Observe that (minj)k = mkinkj ∈ (S[k]∗)k. Hence Corollary 2.13 implies that
minj is integral over S[k]∗ . □
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Thus Lemma 3.14 implies that the factorizations in (3.4.1) and (3.4.2) both resolve to [S]5 in
[Ideal(N)]. This leaves open the possibility that similarity classes factor uniquely into irreducibles.
However, the next theorem shows that unique factorization also fails in [Ideal(N)]. We produce an
infinite family of counterexamples to unique factorization and another family of examples to show
that the number of irreducible factors in a factorization is also not an invariant of a similarity class.

Theorem 3.15. The semigroup [Ideal(N)] of similarity classes of ideals in N does not have unique
factorization. More precisely,

(1) If a < b are primes and c ≥ 1 such that b < ac and b ∤ c, let A = ⟨a, b⟩ and B = ⟨b, ac⟩ be
numerical semigroups. Suppose d ∈ AB is any prime such that d > a. Let C = ⟨ab, a2c, d⟩
and D = ⟨a2, ab, d⟩. Then [A], [B], [C], [D] are irreducible, distinct similarity classes and

AC = BD.

(2) The number of irreducible factors is not invariant. Let k ≥ 2 and define numerical semi-
groups A := ⟨2, 3⟩ and B := ⟨2, 3k⟩. Let d ∈ AkB be any odd prime. Define C := ⟨4, 2 ·3k, d⟩
and D := ⟨2k+1, 2k ·3, . . . , 2 ·3k, d⟩. Then [A], [B], [C], [D] are irreducible, distinct similarity
classes and

AkC = BD.

Proof. (1) The numerical semigroups A and B have prime multiplicities, hence [A] and [B] are
irreducible. Note that a is a prime distinct from d. Hence ma(C) = ma(D) = d and Lemma 3.11
implies that [C] and [D] are irreducible. The ideals A,B,C,D have distinct multiplicities, hence
generate pairwise distinct similarity classes. Observe that

C = ⟨ab, a2c, d⟩ = aB + ⟨d⟩ D = ⟨a2, ab, d⟩ = aA+ ⟨d⟩.

Thus

AC = aAB + dA BD = aAB + dB.

We have dA = ⟨ad, bd⟩ and dB = ⟨bd, acd⟩. Since d ∈ AB by assumption, ad, acd ∈ aAB. Therefore

AC = aAB + dA = aAB + ⟨bd⟩ = aAB + dB = BD.

(2) The argument that [A], [B], [C], [D] are irreducible is the same as in part (1). The similarity
classes are distinguished by considering m0 and m2 for each ideal. The proof of equality is also
essentially the same: Observe that C = 2B + ⟨d⟩ and D = 2Ak + ⟨d⟩. Thus

AkC = 2AkB + dAk BD = 2AkB + dB.

Since d ∈ AkB by assumption, we have

AkC = 2AkB + ⟨3kd⟩ = BD.

Thus one similarity class can have an irreducible factorization with 2 terms or k + 1 terms. □

Ideals were introduced to arithmetic as a means of correcting the failure of unique factorization
in extensions of the integers. It is ironic that ideals bring non-unique factorization to the natural
numbers, the genesis of unique factorization. Could there be some extension or refinement of
similarity classes that resolves the distinct factorizations highlighted in Theorem 3.15? It seems
unlikely to us, based on the nature of these examples, but we would be happy to be proven wrong.
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4. Two-Generator Numerical Semigroups

Numerical semigroups with two generators ⟨m,n⟩ play a special role in the theory. These are
the simplest numerical semigroups and many of their properties and invariants can be worked out
explicitly (whereas such formulas for numerical semigroups with more than two minimal generators
are generally unavailable). In this section we show that these exceptional properties extend to powers
of two-generator numerical semigroups as well. Finally, we use our analysis of this particular family
in order to study the asymptotic behavior of the genus and Frobenius numbers along the sequence
of powers of any numerical semigroup (see Theorem 4.11).

4.1. Apéry Sets. The Apéry set of a numerical semigroup A with respect to an integer m is

Apm(A) := {a ∈ A : a−m /∈ A}.

Equivalently, Apm(A) consists of the smallest elements in each congruence class modulo m (which
exist by Proposition 3.2). Typically we consider the Apéry set of A with respect to the multiplicity
m = m0(A), and we denote that case simply by Ap(A) and call it the Apéry set of A. The Apéry
set is a fundamental invariant of a numerical semigroup, essential for computing other invariants
and testing membership in A. If S = ⟨m,n⟩, then m coprime to n clearly implies that

Ap(S) = {jn : 0 ≤ j < m}.

The following proposition extends this Apéry calculation to all powers of ⟨m,n⟩.

Theorem 4.1. If S = ⟨m,n⟩ where m < n are coprime, then

Ap(Sk) = {j1mk−1n+ j2m
k−2n2 + . . .+ jkn

k : 0 ≤ ji < m}.

Proof. Let M := {j1mk−1n+ j2m
k−2n2 + . . .+ jkn

k : 0 ≤ ji < m}. Suppose that

j1m
k−1n+ . . .+ jkn

k ≡ ℓ1m
k−1n+ . . .+ ℓkn

k mod mk (4.1.1)

for some 0 ≤ ji, ℓi < m. We will prove by strong induction on i that jk−i = ℓk−i for all 0 ≤ i < k.
Now suppose that 0 ≤ i < k and that jk−i′ = ℓk−i′ for 0 ≤ i′ < i. Then (4.1.1) simplifies to

j1m
k−1n+ . . .+ jk−im

ink−i ≡ ℓ1m
k−1n+ . . .+ ℓk−im

ink−i mod mk,

which is equivalent to

j1m
k−i−1n+ . . .+ jk−in

k−i ≡ ℓ1m
k−i−1n+ . . .+ ℓk−in

k−i mod mk−i.

Reducing this congruence modulo m gives us

jk−in
k−i ≡ ℓk−in

k−i mod m,

and n coprime to m implies that jk−i ≡ ℓk−i mod m. Since 0 ≤ jk−i, ℓk−i < m, this is equivalent
to jk−i = ℓk−i. That completes our induction and allows us to conclude that all the elements of M
are distinct modulo mk.

Suppose a ∈ Ap(Sk). Then
a = j1m

k−1n+ . . .+ jkn
k

for some natural numbers ji ≥ 0; note that no mk term is needed by the definition of the Apéry
set. Since M contains mk elements which are all distinct modulo mk, it follows that there is some
b = ℓ1m

k−1n + . . . + ℓkn
k ∈ M such that a ≡ b mod mk. The definition of the Apéry set implies

that a ≤ b. Reducing a ≡ b mod mk modulo m we conclude that jk ≡ ℓk mod m, hence jk ≥ ℓk.
Let δi := ℓi − ji. Then δi < m for each i, δk ≤ 0, m | δk, and

δ1m
k−1n+ . . .+ δkn

k ≡ 0 mod mk. (4.1.2)
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For 1 ≤ j ≤ k, reducing (4.1.2) modulo mj and canceling common powers of n from both sides we
see that there exists an integer gj such that

δk−j+1m
j−1 + δk−j+2m

j−2n+ . . .+ δkn
j−1 = gjm

j .

We prove by induction that gj ≤ 0 for all j; the base case follows immediately from g1m = δk ≤ 0.
Now suppose gj ≤ 0 and observe that

gjm
j+1 = δk−jm

j + ngjm
j ,

hence
gj+1m = gjn+ δk−j ≤ δk−j < m.

Hence gj+1 ≤ 0, which completes our induction. On the other hand,

gkm
k = δ1m

k−1n+ . . .+ δkn
k = b− a ≥ 0,

which implies that gk ≥ 0. Combined with gk ≤ 0 we conclude that gk = 0 and hence that a = b.
Therefore every element of the Apéry set belongs to M and comparing cardinalities we conclude
that M = Ap(Sk). □

4.2. Symmetry. If A is a numerical semigroup, let χA denote its characteristic function. Propo-
sition 3.2 implies that the sequence (χA(n))n∈N is eventually all 1’s. A binary sequence which is
eventually constant equal to 1 encodes a partition: Starting at (0, g(A)) on the y-axis, interpret
each 0 as a step down, and each 1 as a step to the right. The resulting path, together with the
positive x- and y-axes, bounds a Young diagram of a partition.

Example 4.2. Let A = ⟨3, 7⟩. The characteristic sequence of A is

100100110110111 . . .

and the corresponding Young diagram is

□

Note that the partition in Example 4.2 is symmetric with respect to reflection across the diago-
nal. A symmetric numerical semigroup is one for which its corresponding partition is symmetric.
Equivalently, A is symmetric when n ∈ A if and only if F (A) − n /∈ A (see [BM07, Prop. 2.2,
Cor. 2.3]). Thus Example 4.2 shows that ⟨3, 7⟩ is symmetric. Furthermore, it is known that every
two-generator numerical semigroup is symmetric (see, e.g. [RG09, Cor. 4.7]). We show that powers
of two-generator numerical semigroups are always symmetric.

Corollary 4.3. If S = ⟨m,n⟩ where m < n are coprime, then Sk is symmetric for all k ≥ 0.

Proof. If k = 0, then Sk = N which corresponds to the empty partition, hence is trivially symmetric.
Suppose that k ≥ 1. Theorem 4.1 implies that

F (Sk) = max
w∈Ap(Sk)

w −m0(S
k) = (m− 1)mk−1n+ . . .+ (m− 1)nk −mk.

If a ∈ N, then we can write
a = j1m

k−1n+ . . .+ jkn
k + bmk,
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where 0 ≤ ji < m and b ∈ Z. Note that a ∈ Sk if and only if b ≥ 0. Thus

F (Sk)− a = (m− 1− j1)m
k−1n+ . . .+ (m− 1− jk)n

k − (b+ 1)mk.

Since 0 ≤ m− 1− ji < m for each i, Theorem 4.1 implies that F (Sk)− a ∈ Sk if and only if b < 0.
Therefore a ∈ Sk if and only if F (Sk)− a /∈ Sk, which is to say that Sk is symmetric. □

Remark. Powers of ⟨m,n⟩ provide a simple family of examples of symmetric numerical semigroups
with arbitrary embedding dimension.

Moving beyond two-generator numerical semigroups, the situation is more complicated. There are
numerical semigroups A that are symmetric, but which have non-symmetric powers. For example,
A = ⟨4, 6, 7⟩ is symmetric, but A2 is not symmetric. There are also examples where A is not
symmetric but A2 is symmetric, though these are harder to find. For example, A = ⟨12, 18, 20, 39, 67⟩
is not symmetric, but A2 is symmetric.

We can refine this analysis by consider how type behaves under taking powers. Let A ⊆ N be
a numerical semigroup. Given a, b ∈ N we say a ≤A b if b − a ∈ A. The relation ≤A defines a
partial order on N. The pseudo-Frobenius numbers of A are the maximal elements of N \ A
with respect to ≤A. Let PF(A) denote the set of all pseudo-Frobenius numbers. The type of A
is t(A) := |PF(A)|. If m ∈ N, let Maxm(A) denote the set of maximal elements of Apm(A) with
respect to ≤A. A numerical semigroup A is symmetric if and only if t(A) = 1 (see [RG09, Prop.
2.19]).

Question 4.4. Let A ⊆ N be a numerical semigroup. Does limk→∞ log t(Ak)/k exist? If so, how
do we express this limit in terms of other invariants of A?

Note that t(A) ≤ m0(A) − 1 for all numerical semigroups A (see [RG09, Cor. 2.23]). Hence
t(Ak) ≤ m0(A)k − 1, which implies that

lim sup
k→∞

log t(Ak)

k
≤ m0(A).

However Corollary 4.3 implies this bound is not sharp.
The next proposition allows us to show that t(Ak) grows monotonically in many examples; it

generalizes a result due to Nari [Nar13, Prop. 6.6].

Proposition 4.5. Let A,B ⊆ N be numerical semigroups and let m,n ∈ N be coprime natural
numbers such that n ∈ A. Then

PF(mA+ nB) = mPF(A) + nMaxm(B),

and
t(mA+ nB) = t(A)|Maxm(B)|.

Proof. Let C := mA+ nB. Given b ∈ Apm(B), let Cb := mA+ nb. Since m and n are coprime we
have

C =
⊔

b∈Apm(B)

Cb. (4.2.1)

Suppose a ∈ PF(A) and b ∈ Maxm(B) and define

c := ma+ nb.

Note that a /∈ A implies that c /∈ C. Let d ∈ C be a nonzero element. The decomposition (4.2.1)
implies that d = ma′ + nb′ for some a′ ∈ A and some b′ ∈ Apm(B). The definition of Apm(B) tells
us that

b+ b′ = b′′ +me
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for some b′′ ∈ Apm(B) and e ∈ N. Thus

c+ d = (ma+ nb) + (ma′ + nb′)

= m(a+ a′) + n(b+ b′)

= m(a+ a′) + n(b′′ +me)

= m(a+ a′ + ne) + nb′′.

Since a ∈ PF(A) and a′, n ∈ A we have a + a′ + ne ∈ A if and only if a′ + ne ̸= 0. If a′ + ne = 0,
then a′ = e = 0. Hence b + b′ = b′′, which gives us b ≤B b′′. Our assumption that b ∈ Maxm(B)
then implies that b = b′′, which is to say that b′ = 0. But then d = ma′ + nb′ = 0, contradicting
our assumption that d was nonzero. Hence c ∈ PF(C). Therefore mPF(A) + nMaxm(B) ⊆ PF(C).

Let c ∈ PF(C) and define b to be the unique element of Apm(B) such that c ≡ nb mod m. Hence
c = ma + nb for some integer a. Since c /∈ C we must have a /∈ A by (4.2.1). For every positive
a′ ∈ A we have c+ma′ ∈ C by definition of pseudo-Frobenius elements. Hence

c+ma′ = (ma+ nb) +ma′ = m(a+ a′) + nb ∈ C

and (4.2.1) implies that a+a′ ∈ A. Therefore a ∈ N and in fact a ∈ PF(A). Suppose b /∈ Maxm(B).
Then we can write b+ b′ = b′′ where b′′ ∈ Apm(B) and b′ ∈ B is positive. Hence nb′ ∈ C is positive
and thus c+ nb′ ∈ C. However

c+ nb′ = (ma+ nb) + nb′ = ma+ n(b+ b′) = ma+ nb′′ ∈ C,

and (4.2.1) implies that a ∈ A, a contradiction. Therefore b ∈ Maxm(B). Hence PF(C) ⊆ mPF(A)+
nMaxm(B), and we conclude that the sets are equal. Since m and n are coprime, the decomposition

PF(C) = mPF(A) + nMaxm(B)

gives us a bijection PF(C) ∼= PF(A)×Maxm(B). Thus

t(C) = t(A)|Maxm(B)|. □

Remark. If m ∈ B, then Maxm(B) = PF(B) +m and |Maxm(B)| = t(B). Thus we get

t(mA+ nB) = t(A)t(B)

in that case, which is precisely the conclusion of Nari’s result. Our result does not require m ∈ B,
but gives a similar conclusion.

Example 4.6. Proposition 4.5 gives an alternative proof that for A := ⟨m,n⟩ the powers Ak is
symmetric for all k ≥ 1. Note that Ak+1 = ⟨m,n⟩Ak = mAk + nkA, m and nk are coprime, and
nk ∈ Ak. Hence Proposition 4.5 implies that t(Ak+1) = t(Ak)|Maxm(A)|. Since m ∈ A, Remark 4.2
gives |Maxm(A)| = t(A) = 1, and thus by induction that t(Ak) = t(A) = 1 for all k ≥ 1. Hence Ak

is symmetric for all k ≥ 1. □

The next proposition allows us to construct examples where we can answer Question 4.4.

Proposition 4.7. Let m ≥ 1 and let B be a numerical semigroup with n ∈ B coprime to m. If
A := ⟨m⟩+B and B2 ⊆ mA+ nB, then t(Ak) = t(A)|Maxm(B)|k−1 for all k ≥ 1. In particular,

lim
k→∞

log t(Ak)

k
= log |Maxm(B)|.

Proof. First observe that
Ak+1 = (⟨m⟩+B)Ak = mAk +Bk+1.

Our assumption B2 ⊆ mA+ nB allows us to make a simple inductive argument that for all k ≥ 1

Bk+1 ⊆ mAk + nkB,
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hence
Ak+1 = mAk + nkB.

Since nk ∈ Ak, Proposition 4.5 implies that

t(Ak+1) = t(Ak)|Maxm(B)|.

Thus a simple induction implies that t(Ak) = t(A)|Maxm(B)|k−1 for all k ≥ 1. Hence

lim
k→∞

log t(Ak)

k
= log |Maxm(B)|. □

Example 4.8. Let A := ⟨4, 7, 9⟩ = ⟨4⟩+B where B := ⟨7, 9⟩, and let n = 7. Then B2 = ⟨49, 63, 81⟩.
Clearly 49, 63 ∈ 7B and 81 = 4 ·8+7 ·7 ∈ 4A+7B, hence B2 ⊆ 4A+7B. Therefore Proposition 4.7
implies that

t(Ak+1) = t(Ak)|Max4(B)|.
Note that Ap4(B) = {0, 7, 9, 14}, hence Max4(B) = {9, 14}. Thus by induction and t(A) = 2 it
follows that t(Ak) = 2k. □

We close this section with one final application of Proposition 4.5.

Proposition 4.9. Let 1 < m < n1 < n2 be coprime integers. If n1 ≡ n2 mod m, then the product
⟨m,n1⟩⟨m,n2⟩ is symmetric.

Proof. Let A := ⟨m,n1⟩, B := ⟨m,n2⟩, and C := AB. By definition we have

C = ⟨m,n1⟩⟨m,n2⟩ = mA+ n2A. (4.2.2)

Since n1 < n2 and n1 ≡ n2 mod m, we have n2 ∈ A. Thus Proposition 4.5 and Remark 4.2 imply
that t(C) = t(A)|Maxm(A)| = t(A)2 = 1. Therefore C is symmetric. □

4.3. Frobenius Number and Genus of Powers. Our determination of the Apéry set of Sk when
S = ⟨m,n⟩ also allows us to deduce closed formulas for the Frobenius number and genus of these
powers. Recall that F (A) is the largest element of N \ A and the genus of A is the cardinality of
N \A.

Proposition 4.10. If S = ⟨m,n⟩ for m < n coprime, then for k ≥ 1 we have

F (Sk) =
(m− 1)nk+1 − (n− 1)mk+1

n−m
,

g(Sk) =
nk+1(m− 1) + n−mk+1(n− 1)−m

2(n−m)
.

Proof. If A is a numerical semigroup, then

F (A) = max
w∈Ap(A)

w −m0(A).

Thus Theorem 4.1 implies that

F (Sk) = (m− 1)(mk−1n+ . . .+ nk)−mk

= (m− 1)n
nk −mk

n−m
−mk

=
(m− 1)nk+1 − (n− 1)mk+1

n−m
.
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Recall Selmer’s formula [RG09, Prop. 2.12] for the genus of a numerical semigroup A with
multiplicity m,

g(A) =
1

m

( ∑
w∈Ap(A)

w
)
− m− 1

2
.

The multiplicity of Sk is mk. We use Theorem 4.1 to calculate the sum over the Apéry set of Sk:∑
w∈Ap(Sk)

w =
∑

j∈{0,...,m−1}k

k∑
i=1

jim
k−ini

= mk−1
m−1∑
j=0

j
k∑

i=1

mk−ini

= mkm− 1

2

(
n

k−1∑
i=0

mk−i−1ni
)

= mkn
m− 1

2

(nk −mk

n−m

)
.

Therefore

g(Sk) =
1

mk

( ∑
w∈Ap(Ak)

w
)
− mk − 1

2

= n
m− 1

2

(nk −mk

n−m

)
− mk − 1

2

=
nk+1(m− 1) + n−mk+1(n− 1)−m

2(n−m)
. □

These results about numerical semigroups with two generators allow us to determine the asymp-
totic growth rate of genera and Frobenius numbers for powers of an arbitrary numerical semigroup
A. Suppose A is a numerical semigroup and let

mmax(A) := max
p

mp(A).

Since mp(A) = m0(A) for all primes p ∤ m0(A), this maximum is well-defined.

Theorem 4.11. Let A be a numerical semigroup. Then

lim
k→∞

log g(Ak)

k
= lim

k→∞

logF (Ak)

k
= logmmax(A).

Proof. First we consider g(Ak). Let m := m0(A) and n := mmax(A). Let p be a prime such that
n = mp(A). Then mp(A

k) = nk and any natural number j ≤ nk which is not divisible by p is not
an element of Ak. Thus

g(Ak) ≥
(
1− 1

p

)
nk,

which implies that

lim inf
k→∞

log g(Ak)

k
≥ log n. (4.3.1)

Let m = pe11 · · · pess be the prime factorization of m0(A), and let ni := mpi(A). Let di :=
gcd(m,ni) and define Ai := ⟨m,ni⟩. Note that pi ∤ di. Setting m = dim

′
i and ni = din

′
i we have

Ai = diA
′
i, where A′

i := ⟨m′
i, n

′
i⟩ is a numerical semigroup.
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For each i, let Wi := dkiAp(A
′
i
k). Since Ai = diA

′
i, we have Wi ⊆ Ak

i ⊆ Ak. The elements of
Ap(A′

i
k) represent every residue class modulo m′

i
k, hence Wi represents all the elements of the

subgroup
Hi := dki Z/⟨mk⟩ ⊆ Z/⟨mk⟩.

Since pi ∤ di for each i we have gcd(dk1, . . . , d
k
s ,m

k) = 1. Thus

H1 + · · ·+Hs = Z/⟨mk⟩. (4.3.2)

If
W := W1 + · · ·+Ws = {w1 + · · ·+ ws : wi ∈ Wi} ⊆ Ak,

then (4.3.2) implies that W contains representatives of every congruence class modulo mk. Hence

max
w∈Ap(Ak)

w ≤ maxW ≤
s∑

i=1

maxWi.

For each i, Proposition 4.10 implies that there is a positive constant ci, independent of k, such that

maxAp(A′
i
k
) = F (A′

i
k
) +m′

i
k ≤ cin

′
i
k
.

Therefore
maxWi = dki maxAp(A′

i
k
) ≤ cid

k
i n

′
i
k
= cin

k
i ≤ cin

k.

Setting c :=
∑s

i=1 ci, we get
max

w∈Ap(Ak)
w ≤ cnk.

Selmer’s formula [RG09, Prop. 2.12] now gives

g(Ak) =
1

mk

∑
w∈Ap(Ak)

w − mk − 1

2
≤ cnk.

Hence

lim sup
k→∞

log g(Ak)

k
≤ log n.

Together with (4.3.1) this proves

lim
k→∞

log g(Ak)

k
= log n.

Next we turn to F (Ak). Let S(A) denote the number of a ∈ A such that a < F (A). Then
F (A) = g(A) + S(A) − 1. Note that if a ∈ A is smaller than F (A), then F (A) − a must be an
element of the gap set. Hence S(A) ≤ g(A), which implies F (A) ≤ 2g(A)− 1. Thus

lim sup
k→∞

logF (Ak)

k
≤ lim

k→∞

log g(Ak)

k
= log n.

For the other direction, note that g(A) ≤ F (A) for any numerical semigroup A. Hence

lim inf
k→∞

logF (Ak)

k
≥ lim

k→∞

log g(Ak)

k
= log n.

Thus

lim
k→∞

logF (Ak)

k
= log n. □
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5. Integral Closure of Ideals in N

In this section we provide a simple and efficient characterization of the integral closure of an ideal
A ⊆ N. We begin with the following corollary of Theorem 4.11.

Corollary 5.1. Let A ⊆ N be a numerical semigroup. If a ≥ mmax(A), then for all sufficiently
large k ≥ 1 we have ak ∈ Ak. In particular, a ≥ mmax(A) implies a ∈ A.

Proof. Since a = mmax(A) ∈ A, that case is immediate. Suppose that a > mmax(A). Then
Theorem 4.11 implies that

lim
k→∞

logF (Ak)

k
= logmmax(A) < log a,

hence for all sufficiently large k we have

F (Ak) < ak.

Thus by definition of the Frobenius number, ak ∈ Ak. Therefore a ∈ A by Corollary 2.13. □

In Section 3.2 we constructed the Sp homomorphisms defined by Sp(A) =
∑

k≥0mp,k(A)T k. The
semiring Nmin[T ] is not multiplicatively cancellative, hence the Sp are not well-defined on similarity
classes. Note that evaluating the series Sp(A) at T = λ ≥ 1 yields a nonzero real number for all
nonzero ideals A. Let R+

min denote the tropical min-times semiring of nonnegative real numbers
together with ∞. We define the p-support functions

Φp,λ(A) := Sp(A)(λ) = min
k≥0

mp,k(A)λk ∈ R+
min,

where λ ≥ 1 is a real parameter. If A ̸= ⟨0⟩, then our alternative formula (3.2.1) for Sp translates
to

Φp,λ(A) = min
a∈A\{0}

aλvp(a). (5.0.1)

With p and λ fixed, Lemma 3.10 implies that Φp,λ : Ideal(N) → R+
min is a semiring homomorphism.

If A ̸= 0, then Φp,λ(A) is a positive real number. Hence Φp,λ is cancellative on nonzero ideals. The
data packaged in the functions Φp,λ with p fixed and λ varying can also be encoded as a Newton
polygon. Given a prime p, let

Np(A) := lower convex hull of {(k, logmp,k(A)) : k ≥ 0}.

We call Np(A) the pth Newton polygon of A. Let Vp(a) := (vp(a), log(a)).

Lemma 5.2. Let p be prime, let A ⊆ N be an ideal, and let a ∈ N. Then Vp(a) ∈ Np(A) if and
only if Φp,λ(A) ≤ aλvp(a) for all λ ≥ 1.

Proof. Every point (x0, y0) which does not belong to the convex set Np(A) is separated from it by
a line. Thus (x0, y0) ∈ Np(A) if and only if

x0u+ y0 ≥ min
k≥0

{ku+ logmp,k(A)}

for all u ≥ 0. Substituting u = log λ, this becomes

x0 log λ+ y0 ≥ min
k≥0

{k log λ+ logmp,k(A)} = min
k≥0

log
(
mp,k(A)λk

)
= logΦp,λ(A)

for all λ ≥ 1. Exponentiating we get (x0, y0) ∈ Np(A) if and only if

Φp,λ(A) ≤ ey0λx0

for all λ ≥ 1. Applying this criterion to Vp(a) = (vp(a), log a) gives us the result. □
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Given convex sets X and Y , let X + Y = {x + y : x ∈ X, y ∈ Y } denote their Minkowski sum.
Let C denote the semigroup of convex subsets of R2 with respect to Minkowski sum.

Proposition 5.3. Given a prime p, the map Np : Ideal(N) → C is a semigroup homomorphism
factoring through the universal cancellative quotient A 7→ [A]. That is, A ∼ B implies that
Np(A) = Np(B).

Proof. Lemma 3.8 implies that

logmp,k(AB) = min
i+j=k

{logmp,i(A) + logmp,j(B)},

which is precisely the expression for the vertices of the Minkowski sum of Np(A) and Np(B). Hence

Np(AB) = Np(A) +Np(B).

Suppose C ̸= ⟨0⟩ and AC = BC. Then Np(AC) = Np(BC) and Lemma 5.2 implies that

Φp,λ(A)Φp,λ(C) = Φp,λ(AC) = Φp,λ(BC) = Φp,λ(B)Φp,λ(C)

for all λ ≥ 1. Then C nonzero implies that Φp,λ(A) = Φp,λ(B) for all λ ≥ 1, which in turn implies
Np(A) = Np(B). Hence Np factors through [Ideal(N)]. □

We now present the main result of this section, an effective characterization of integral closures
of ideals in N.

Theorem 5.4. Let A ⊆ N be an ideal and let a ∈ N. Then the following are equivalent
(1) ak ∈ Ak for some k ≥ 1,
(2) a ∈ A,
(3) Vp(a) ∈ Np(A) for all primes p.

Proof. Corollary 2.13 implies (1) ⇒ (2). Proposition 5.3 and Proposition 2.20 imply that Np(A) =

Np(A). If a ∈ A, then Vp(a) ∈ Np(A) = Np(A) for all primes p, which proves (2) ⇒ (3). Hence it
suffices to prove (3) ⇒ (1). Note that if A = ⟨0⟩, then the assertion is immediate.

So suppose that A is a nonzero ideal and that p is a prime. By assumption we have Vp(a) ∈ Np(A).
If vp(a) ≥ vp(m0(A)) and m0(A) ≤ a, let ep = 1 and bp = m0(A). Otherwise there is some
k1 < k2 such that the point (vp(a), log a) lies above the line segment connecting (k1, logmp,k1(A))
and (k2, logmp,k2(A)). Let wi := mp,ki(A) and note that ki = vp(wi). This geometric assertion
about Vp(a) translates to

k2 − vp(a)

k2 − k1
logw1 +

vp(a)− k1
k2 − k1

logw2 ≤ log a,

or equivalently
bp := w

k2−vp(a)
1 w

vp(a)−k1
2 ≤ ak2−k1 .

Let ep := k2 − k1. Finally, observe that w1, w2 ∈ A imply that bp ∈ Aep and

vp(bp) = (k2 − vp(a))k1 + (vp(a)− k1)k2 = epvp(a).

If p ∤ m0(A), then Vp(a) ∈ Np(A) is equivalent to m0(A) ≤ a. Since 0 = vp(m0(A)) ≤ vp(a), we can
let ep = 1 and bp = m0(A).

Thus for each prime p there is an element bp and an integer ep ≥ 1 such that bp ≤ aep and
vp(bp) ≤ epvp(a). Since ep = 1 for all but finitely many primes p, e := lcmpep exists. Replacing bp

with b
e/ep
p we have bp ≤ ae and vp(bp) ≤ evp(a) for all primes p. Let g := gcdp bp and write bp = gb′p.

Then vp(g) ≤ evp(a) for all primes p, which is to say that ae = ga′ for some a′ ∈ N. Consider the
ideal B := ⟨bp : p prime⟩ ⊆ Ae and the numerical semigroup B′ = ⟨b′p : p prime⟩. Then B = gB′.
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Since b′p ≤ a′ for all p, Lemma 3.7 implies that mmax(B
′) ≤ a′. Thus Corollary 2.13 implies there

is some k ≥ 1 such that a′k ∈ B′k. Hence

aek = gka′
k ∈ gkB′k = Bk ⊆ Aek. □

Theorem 5.4 implies that types (1), (2), and (3) integrality are equivalent for ideals in N. The
characterization of A in terms of Newton polygons is analogous to the theorem characterizing the
integral closure of a monomial ideal in terms of the Newton polyhedron defined by its exponent
vectors [HS06, Prop. 1.4.6]. From this perspective, natural numbers can be thought of as monomials
in the primes. Translating between Newton polygons and the support functions, Theorem 5.4
may also be viewed as an analog of Rees’s theorem characterizing integral closures of ideals in
Noetherian rings (original proof by Rees [Ree56], see Huneke and Swanson [HS06, Thm. 10.2.2]
for a contemporary statement). The functions log Φp,λ define tropical valuations on ideals of N,
and Theorem 5.4 asserts that finitely many of these valuations determine the integral closure of A,
namely those corresponding to nontrivial slopes of Np(A), which only exist for the finitely many
primes p | m0(A).

Example 5.5. Let A = ⟨8, 11⟩. Then every a ≥ 11 belongs to A by Corollary 5.1 and it remains
to decide whether 9 or 10 belong to A. The only relevant prime here is p = 2. The Newton
polygon N2(A) consists of a single segment and a computation shows that V2(9) /∈ N2(A) and
V2(10) ∈ N2(A). Therefore,

A = {0, 8, 10, 11, 12, . . .}.
This example nicely highlights the value of our theoretical analysis of integral closures. If we try
to use the iterated colon ideal method to find an ideal B such that 10B ⊆ AB, the convergence
happens incredibly slowly. The sequence Bk strictly decreases for at least 0 ≤ k ≤ 20. The ideal
B20 has 370 minimal generators and multiplicity 512. It is unclear how many more iterates are
required to reach stabilization; the computations become prohibitively slow. Theorem 5.4 shows
that 10k ∈ Ak for some sufficiently large k. Using the characterization of the Apéry set of ⟨8, 11⟩k
provided by Theorem 4.1 one may show that the first k for which 10k ∈ Ak is k = 198. □

If m is squarefree, the Newton polygon conditions are vacuous.

Corollary 5.6. Let S := ⟨m,n⟩ where 2 ≤ m < n are coprime. If m is squarefree, then

S = ⟨m⟩+ {k ∈ N : k ≥ n}.

Proof. If m is squarefree, then for each prime p | m, the Newton polygon Np(S) consists of a single
segment of width one. Corollary 5.1 implies that every a ≥ n belongs to S, and clearly no a < m
belongs to S. Thus if m < a < n and Vp(a) ∈ Np(S), then vp(a) ≥ vp(m) = 1. Hence if such an a

belongs to S, it follows that m | a. Thus S = ⟨m⟩+ {k ∈ N : k ≥ n}. □

Although AB ̸= A ·B in general, this does hold for scaling.

Proposition 5.7. If A ⊆ N is a numerical semigroup and g ∈ N, then gA = gA.

Proof. If g = 0, then gA = {0} = gA. Now suppose that g ̸= 0. If a ∈ A, then there exists a
nonzero ideal B such that aB ⊆ AB. Hence gaB ⊆ gAB, and we conclude that ga ∈ gA. Thus
gA ⊆ gA. Conversely, suppose a ∈ gA. Let B be a nonzero ideal such that aB ⊆ gAB. Lemma 3.4
implies we can express B = hC for some nonzero h and some numerical semigroup C. Thus

ahC ⊆ ghAC.

Since h ̸= 0, we can cancel it from both sides of this containment to get

aC ⊆ gAC.
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The numerical semigroup C contains n and n+1 for some sufficiently large n. The above containment
implies that g divides both an and a(n+ 1). Thus a = gc for some c ∈ N and substitution yields

gcC ⊆ gAC.

Canceling g we see that c ∈ A. Therefore a = gc ∈ gA, completing our proof that gA = gA. □
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