PROFINITE ITERATED MONODROMY GROUPS OF
UNICRITICAL POLYNOMIALS

OPHELIA ADAMS AND TREVOR HYDE

ABSTRACT. Let f(z) = az® + b € K[z] be a unicritical polynomial with degree d > 2 which is
coprime to char K. We provide an explicit presentation for the profinite iterated monodromy group

of f, analyze the structure of this group, and use this analysis to determine the constant field
extension in K(f~°(t))/K(t).
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2 OPHELIA ADAMS AND TREVOR HYDE

1. INTRODUCTION

Let K be a field and let f(z) € K(x) be a rational function of degree d > 2 coprime to char K.
We write f := fo fo---0f to denote the n-fold composition of f. Given an element 8 in some
extension of K and a choice K (8)%P of separable closure, let K (f~"(/5)) denote the splitting field
of f*"(z) = f in K(5)*P over K(3).

If 3 is not post-critical, then f~"(3) contains d" distinct elements in K ()P, and together the
sets f~"(B) naturally carry the structure of a regular rooted d-ary tree T3° with root 3 where each
a € f7(B) is a child of f(a). The absolute Galois group Gal(K(8)*P/K(f)) fixes K, hence the
coefficients of f, and thus permutes the nodes at each level of this tree while respecting the tree
structure. This gives us an arboreal Galois representation

p: Gal(K(8)*P/K(B)) — Aut(T°).

These Galois representations encode interesting arithmetic dynamical information, much of which is
yet to be understood. Arboreal representations were first introduced and studied by Odoni [Odo85b
Odo85a; |(0do88| who used the Chebotarev density theorem to link these representations to the
density of prime divisors in orbits. See [Jonl3| for a survey of arboreal representations up to 2013
and [Ben+19, Sec. 5] for updates through 2018.

Of particular interest is when the function f is post-critically finite or PCF: when every critical
point has a finite forward orbit. In the PCF case, iterated pre-image extensions K (f~"(5))/K(5)
have ramification uniformly constrained to a finite set of places, and the image of the arboreal
Galois representation is topologically finitely generated. There is a growing literature on arboreal
representations for PCF maps, including but not limited to [Pil00} [Nek05; BNO8; AHMO5; |Ben+17}
BEK21} |Ada23; |[Ejd24; Ben+25].

In this paper we focus on unicritical polynomials f(z) = az? + b with a generic base point 3 = ¢
where t is transcendental over K. Note that in this case, with d coprime to char K, the extensions
K(f~™(t))/K(t) are separable, hence Galois. Let Arb f denote the image of the arboreal Galois
representation of f with transcendental base point and let Arb f C Arb f denote the arboreal
representation of Gal(K ()P /K®°P(t)). The groups Arb f and Arb f are (isomorphic to) the arith-
metic profinite iterated monodromy group and geometric profinite iterated monodromy group of f,
respectively. There is a short exact sequence

1 — Arb f — Arb f — Gal(K;/K) — 1

where K ¢ is the algebraic closure of K in K(f~°°(t)), the extension formed by adjoining all iterated
f-preimages of t. We refer to K ¢ as the constant field extension of f. As with any short exact
sequence, there is an outer action of Gal([? 7/K) on Arb f given by lifting to Arb f and conjugating.
To understand Arb f, we study the group Arb f, the constant field extension K ¢/ K, and the outer
action of Gal(IA(f/K) on Arb f.

1.1. Results. Our first main result provides an explicit recursive topological presentation of Arb f
for any unicritical PCF polynomial. First, some notation. If G C Sy is a subgroup of the symmetric
group, then we write [G]* to denote the iterated wreath product of G with itself

(6] =G x ([G]™)Y,

where G acts on d-tuples (g1, 92, ..., gq4) by permuting indices (see Section . We write elements
of [G]*° as g(g1,92,---,94) where g € G and g; € [G]*°. The element g(g1,92,.-.,94) acts on the
tree T7° by g on the first level and g; on the ith subtree.

Let o := (123---d) € Sy be a d-cycle and Cgq = (o). In Section [3} we show that the tree T7° may
be labeled so that Arb f C [Cy4]>® when f(x) = az?+b is unicritical of degree d prime to char K. In
Section |4| we show that the structure of the group Arb f is determined by the orbit of the critical
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point 0 under f, naturally splitting into three cases: post-critically infinite (PCI), periodic, or
(strictly) preperiodic. In the first two cases, the combinatorial structure of the orbit alone entirely
determines Arb f, but in the preperiodic case a small arithmetic input is also required.

Theorem 1.1. Let f(z) = azx® +b € K[x] where d is coprime to char K. There exists a labeling of
T3° such that Arb f C [Cy]™, and
(1) (PCI) If 0 has an infinite orbit under f, then
Arb f = [Cq]™.
(2) (Periodic) If 0 is periodic with period n under f, then Arb f = (a1, aq,...,a,)) where

o(l,...,1,a,) ifi=1,
a; =
’ (1,...,1,a_1) ifi##1.
(8) (Preperiodic) If O is strictly preperiodic under f, let m < n be the smallest integers such
that fmT1(0) = f*t1(0). Let ¢4 be a choice of primitive dth root of unity in KP. Since

f™(0) and f"(0) have the same image under f(zx) = azx® + b, there exists some 1 < w < d
such that f™(0) = ¢5f™(0). Then Arb f = ((b1,b2,...,by)) where

o ifi=1,
bi=4q(1,...,1,by,1,...,1,by) ifi=m+ 1, where b, is in the wth component,
(1,...,1,bi_1) ifi#1,m+1.

The key technical result which allows us to derive these explicit recursive presentations for Arb f
in the periodic and preperiodic cases is the following semirigidity result, which implies that Arb f
is determined by the [Cy]* conjugacy classes of its inertia generators.

Theorem 1.2. Let f(z) = az® + b € K[z] where d is coprime to char K. Suppose f is PCF and
that the strict forward orbit of 0 has n elements. Then Arb f = (lc1,c2,...,cn) C [Cq]®>® where
each c¢; is the image of an inertia generator over f1(0). If ¢, € [Cq)*>® are elements such that ¢; is
conjugate to c; in [Cy]*> for each i, then there exists an element w € [Cy)™ and elements u; € Arb f
such that
wcguf1 = uiciui_l
for each i and
w((c), ey, ..., Ywt =Arb f.

ren

Theorem allows us to say a lot about the structure of Arb f. For example, we determine the
abelianization Arb f. Let Z4 denote the additive group of d-adic integers.

Proposition 1.3. Let f(z) = az®+b € K|[x] where d is coprime to char K and let Arb f2> denote
the abelianization of Arb f. If f is PCF, let n denote the length of the strict forward orbit of 0
under f. Then

(Z/dZ)> (PCI)
Arb b = L zn (Periodic)
(Z/dZ)"™  (Preperiodic)

Other properties of Arb f require us to further split the preperiodic case into several subcases:
(Al) w 7é d/27

(A2) m > 1 and (d,n) # (2,m + 1),

(A3) d=2,m>2,and n=m+ 1,

(B1) d>2,w=4d/2,and m =1,

(B2) d=2,m=1,and n > 2,



4 OPHELIA ADAMS AND TREVOR HYDE

(C)d=2,m=2,and n =3.
(D) d=2,m=1,and n =2.

We let (A) refer to the assumption (A;),(As2), or (As), and let (B) refer to (By) or (Bz). Note
that these hypotheses exhaust all possible cases with d > 2, 1 < m < n, and 1 < w < d. When
d =2, we have w = d/2 = 1 by default. Case (D) is exceptional throughout; it corresponds, up to
conjugacy, to the quadratic Chebyshev polynomial z? — 2.

We also determine the Hausdorff dimension and orders of finite level truncations of Arb f. Given
¢ >0, let [Cy]° denote the ¢-fold iterated wreath product of Cy and let py : [C4]™ — [Cy4]¢ denote
the truncation map. Let [{]g := 1+ £+ >+ ... + ¢4=1. Given a subgroup H C [C4]>® we define
ord,(H) := ord(p¢(H)) to be the order of the level ¢ truncation of H and we define the Hausdorff
dimension of H to be

) log, ord,(H) . loggordy(H)
aus H) = =1 - 0
naws (H) 1= i 2o o) — A% 14,

provided the limit exists.

Proposition 1.4. Let f(z) = az? + b € K[x] where d is coprime to char K, let n be as in
Theorem[1.1], and let g¢ and 7y be the unique integers such that £ = qm +1¢ and 0 <1y < n. Then
the values of ordg(Arb f) and pnaus(Arb f) are as listed in the table below.

logd OI‘dg (Ail'b f) Hhaus (Ail‘b f)
PCI []a 1
Periodic | [€]qg — d"[qelan + qe dcff_ll

(A) a+dlt—nlg—2[0—n+1]g+2 |1- 55

(B) | [Aat+ F—nla—3¢-n+1a+3|1-gm
(C) |11-20142 u
(D) |t+1 0

If¢>0,let K 1.0 denote the algebraic closure of K in K (f~*(t)). We establish a general bound on
Kt ¢ which holds for all polynomials with degree coprime to char K" and show that K is completely

encoded within the structure of Arb f. Given g, h € [C4]> and £ > 1 we say that g ~; h if p(g) is
conjugate to pg(h).

Theorem 1.5. Let K be a field and let f(z) € K|x] be a polynomial with degree d coprime to
char K. Let goo € Arb f denote the image of an inertia generator over oo in Arb f and let Xeye -
Gal(K*P /K) — 7% denote the cyclotomzc character of K. Then for 1 < { < co we have ng C

K((g~) and 7 € Gal(K*P/K) fixes Kﬁg if and only if goo ~v gé%yc( ™ in Arb f.

Theorem reduces the analysis of K t,¢ for polynomials to a purely group theoretic problem
about Arb f. We leverage our explicit recursive presentation of Arb f provided by Theorem to
precisely determine the Ky .

Theorem 1.6. Let f(x) = ax? + b € K[z] where d is coprime to char K. Let m,n,w be as in
Theorem[1.1] and cases (A) through (D) as described above. Let 1 < € < oo.

(1) (PCI) Kpp = K(Ca)- R
(2) (Periodic) KM:K(CdL(Z 1/mj+1). Hence Ky = K((g).
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(3) (Preperiodic) If £ < n, then I?f,g = K((q) and if £ > n, then

K (a2 ged(dw)) if (A) and either m > 1 or d odd,
I?ﬂ _ K(Ca2) ged(dwrds2)) if (A) and m =1 and d even,
’ K (Caa) if (B) or (C),
K (G + ¢t if (D).

In particular, if not (D), then

K(C) € K C K(Coge)-

1.2. Related work. Nekrashevych [Nek05, Sec. 6.4.2] attributes the introduction of profinite
iterated monodromy groups Arb f to private communication with Richard Pink from the year
2000. The first calculation of finite level truncations of Arb f were carried out by Pilgrim [Pil00,
Thm. 4.2] for a certain subfamily of dynamical Belyi polynomials.

If K has characteristic 0, then one may use topological methods to analyze the group Arb f. In
particular, Arb f is the profinite completion of the discrete iterated monodromy group of f, denoted
IMG f, which is the arboreal representation of the fundamental group of P!(C) punctured at each
point of the post-critical set of f. Bartholdi and Nekrashevych [BNO8] determined IMGf for all
PCF quadratic polynomials, showing that these groups are determined by the kneading sequence of
the polynomial. Nekrashevych [NekO5, Thm. 5.5.3] showed that the Julia set of f may be recovered
from IMGf.

In 2013, Pink posted a series of preprints |[Pinl3aj; Pinl13bj Pinl3c] analyzing the groups Arb f
and Arb f for quadratic polynomials f(z) € K[x] where K has odd characteristic. The first paper
[Pinl3a] takes an algebro-geometric approach, arguing that quadratic PCF polynomials can be
lifted to characteristic 0 maps with the same post-critical combinatorics. This combined with
Grothendieck’s comparison theorem for the tame étale fundamental group allowed Pink to show
that Arb f must be the same in both cases.

Our work is inspired by Pink’s subsequent papers [Pinl3b; Pinl3c] in which he takes a purely
group theoretic approach to analyzing Arb f for quadratic polynomials. One insight gleaned from
this perspective is that while the groups IMG f depend on the kneading sequence of f, their closures
Arb f only depend on the combinatorial structure of the post-critical orbit; hence Arb f is a coarser
invariant of f than IMGf. At the heart of his strategy is a semirigidity result [Pin13c, Thm. 0.3]
which we have generalized to all unicritical polynomials in Theorem Pink uses semirigidity to
deduce the degree 2 cases of our main results: Compare Theorem with [Pinl3c, Thm. 2.4.1,
Thm. 3.4.1]; Proposition [L.3| with [Pin13¢, Thm. 2.2.7, Thm. 3.1.6]; Proposition [1.4] with [Pin13d|
Prop. 2.3.1, Prop. 3.3.3]; Theorem [L.6| with [Pin13c, Thm. 2.8.4, Thm. 3.10.5, Cor. 3.10.6].

A number of challenges arise while generalizing Pink’s semirigidity results from degree 2 to all
d > 2. For example, Pink leverages the fact that Arb f is a pro-p group in the degree 2 case
(with p = 2) in a crucial way. We circumvent this issue with an intermediate rigidity result which
works uniformly for all degrees (Lemma . Even the identification of Arb f and Arb f with
subgroups of AutT3° requires more care; important “character maps”, natural analogues of the
sign homomorphisms, are not defined on Aut77°, nor preserved by conjugation from Aut7}°.
When d > 2 we are required to make a careful choice of “algebraic paths” to embed Arb f into
[C4]>® (Proposition [3.13). This did not appear in the degree d = 2 case, where S = Cy and the
character maps are precisely the usual sign homomorphisms.

Our strategy for analyzing the constant field extensions K ¢/ K differs from the one taken by Pink.
Pink first determines the quotient N(Arb f)/ Arb f, where N(Arb f) is the normalizer of Arb f in
[S2]°°, and the natural action of this group on the abelianization of Arb f; then he determines
the image of Gal(ff ¢/K) in this action. Instead we use the branch cycle lemma (attributed to

Fried [Fri73]; see Lemma to reduce the analysis of K ¢/K to the group theoretic problem
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of determining which powers of an inertia generator at infinity c are conjugate to co in Arb f
(Theorem [6.5). Our study of the normalizer N(Arb f) limited to showing it acts transitively
on odometers in Arb f (Proposition . Circumventing the analysis of the normalizer quotient
provides a more efficient route to the constant field calculations.

Unfortunately, Pink did not publish his results; they are only available as arXiv preprints.
While our work draws significant inspiration from Pink, there is no logical dependence on these
unpublished papers. We include all the details covering degree 2 for completeness.

The containment K ((geo) C K ¢ in the periodic case of Theorem was anticipated by a result of
Hamblen and Jones [HJ24, Thm. 2.1], building on a construction from Benedetto et al. |[Ahm+22,
Lem. 1.4]. We refine this containment to an exact determination of K f,¢ using our group theoretic
techniques in Proposition [6.7]

1.3. Directions for future work. Much of the work on arboreal representations has focused on
the extensions K (f~°°(8))/K(B) where  is algebraic over K. These may be viewed as special-
izations of the extensions K (f~°°(t))/K(t) that we study. We have not considered specializations
in this paper, but this is a natural next direction to pursue. In [Ben+25|, the authors develop a
technique for analyzing these specializations via the Frattini subgroup of Arb f. They focus on
settings where Arb f is a pro-nilpotent group and topologically finitely generated, in which case,
the Frattini subgroup is especially well-behaved. Their results apply to unicritical polynomials with
prime power degree. When d is divisible by at least two primes, the groups Arb f will no longer
be pro-nilpotent. It is unclear what the Frattini subgroups look like in those case and how their
arguments may be adapted.

Of course we would like to understand the groups Arb f for more general PCF rational func-
tions, but it is hard to predict how far our techniques will extend. There are two main obstacles:
semirigidity and the branch cycle lemma reduction of the constant field extension problem. Semi-
rigidity seems too strong to generalize in the same form much further beyond the unicritical case.
For example, one interesting new phenomenon that arises for d > 2 is the parameter w in the
preperiodic case. When d = 2, we have w = 1 by default. The structure of Arb f and K ¢ depends
on w in subtle and interesting ways. Perhaps semirigidity could be extended by accounting for
the right invariants? As for the branch cycle lemma reduction, the fact that polynomials have
a totally tamely ramified fixed point, and hence a self-centralizing inertia subgroup, significantly
constrains the outer action. For example, we use it to show that the outer action is faithful. This
is almost certainly true for rational functions, but would seem to require a different approach.
Beyond that, this distinguished self-centralizing subgroup is pro-cyclic, which further simplifies the
group-theoretic analysis. For rational functions, we cannot expect such straightforward behavior;
our single conjugacy problem likely expands to a family of entangled conjugacy problems.

1.4. Overview. In Section [2| we review conjugacy in wreath products and systems of recurrences
in iterated wreath products. Here we define the notion of a system of cyclic conjugate recurrences
which are essential for semirigidity.

Section [3| establishes the foundations of iterated preimage extensions and profinite iterated mon-
odromy groups. We formally define self-similar embeddings of iterated monodromy groups using
collections of algebraic paths and construct an especially nice collection of paths for any PCF poly-
nomial in Proposition [3.13] The main result of this section is Proposition [3.15] which provides a
nice family of conjugate recurrences for topological generators of Arb f.

Sections [4 and [f] are the technical heart of the paper. In Section [} we define model groups with
recursive topological presentations reflecting the conjugate recurrences deduced in the previous
section. We analyze the structure of these groups in detail, ultimately leading to the semirigidity
results. This allows us to identify Arb f with one of these model groups and thereby translate all
the results about model groups into results about Arb f.
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Then, in Section [5] we study the normalizer of the model groups, the odometers, and certain dis-
tinguished elements called power conjugators. Building on these group-theoretic facts, in Section [f]
we prove our results on constant field extensions. Here we obtain the cyclotomic bounds on K ¢ for
any polynomial K, review the branch cycle lemma, and characterize K #¢/K in terms of inertia at
oo for polynomials. We finish with a translation of structural results about Arb f into a precise
determination of the K 70/ K for all unicritical polynomials.

1.5. Acknowledgments. We thank Rob Benedetto, Rafe Jones, Jamie Juul, Joe Silverman, and
Tom Tucker for helpful conversations and encouragement throughout this project.

2. PRELIMINARIES

In this section we review the construction of wreath products, characterize their conjugacy
classes, and discuss systems of recursion in iterated wreath products. Throughout this paper we re-
peatedly leverage the recursive structure of iterated wreath products to make inductive arguments;
Proposition [2.8| is the essential tool that makes this work.

2.1. Conjugacy in wreath products. Let d > 2 be an integer. Let G and H be groups and
suppose that G acts on the set {1,2,...,d} from the left. The wreath product Gt H of G and H is
the semidirect product G x H? associated to the action of G on H? given by permuting coordinates.

The underlying set is G x H?, so we write elements of G H in the form g(h1, ha, ..., hq) where
g € G and h; € H for each i. The natural inclusion of G into G H is given by ¢g — ¢(1,...,1) and
conjugation permutes coordinates:

(hl, ceey hd)g = g_l(hl, ey hd)g = (hg(l)a ey hg(d))
The product of two general elements g(h1,...,hq) and ¢'(h], ..., h}) is given by

g(h1,....hg) - g (h},... hy) = gg'(hg/(l)h'l, e hg/(d)hfj).
Definition 2.1. Given u = g(h1,...,hq) and 1 < i < d with a g-orbit of length n, let m,; denote
the product
Ty,i = hgnfl(z‘) s hg(z)hl € H.
Replacing i by ¢7(i) for any j cyclically permutes the factors in this product, hence m, ; ~ Tu,gi (i) -
Therefore the conjugacy class of m,; only depends on the g-orbit of i.
Proposition 2.2. Ifu = g(hi,...,hq) and v’ = g'(h}, ..., k) are elements of GVH, then u ~ u’ if
and only if there exists an a € G and b; € H for 1 < i < d such that both ¢’ = ¢* and m, ; = ﬂzia(i)
forall1 <1 <d.
Proof. Well, u ~ u' if and only if there is some v := a(by,...,bq) € G H, such that ' = u?,
equivalently
v luw = (bl_l, .. ,b;l)aflg(hl, ooy hg)a(by, ... bg)

= ga(b;al(l)ha(l)bla oo ab;al(d)ha(d)bd)'
Thus u ~ v if and only if there is some v such that ¢’ = ¢* and h] = bg_al(l.)ha(i)bi for each 1.
If 1 < i < d has a g-orbit of length n, then the ¢’ = ¢g® orbit of a(i) also has length n, and
conversely. Then we calculate

RN /
T i = h;g/nfl(i) ce hz
—1 —1
= (07 aggeyn—1(iybigeyn-1(0)) *++ (byayyhaciybi)

—1
=bi gn=ta(i) *+ hga(i) ha(i)bi

u,a(t)’
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Therefore u ~ «' if and only if there exists some a € G and b; € H for 1 < i < d such that

¢ =g%and my,; = Wzi,a(i) for each 1. 0

2.2. Iterated wreath products. Here, we define iterated wreath products of finite groups and
give topological /inductive criteria equality and conjugacy in these groups.

Let G denote a group acting faithfully on the set {1,2,...,d} on the left. In particular, G is
finite.

Definition 2.3. For £ > 0, the (th iterated wreath product of G, denoted [G], is defined inductively
by [G]° :=1 and [G]* := G [G])*~! for £ > 1.

Let T(f denote the regular rooted d-ary tree of height ¢, where the children of each node are

labeled by the elements of {1,2,...,d}. There is a correspondence between the leaves of Tf and
words of length ¢ in the alphabet {1,2,...,d} given by reading the labels of the nodes along the
unique path from the root to a given leaf. Suppose w = iw’ is a word where i € {1,...,d} and v’

is a word of length £ — 1. If u := g(g1, 92, - .-, 94) € [G]* then u acts on w by

u(w) = g(i)gi(w')
This action respects the tree structure of Tf under the correspondence between words of length ¢
and leaves of Tf . Since G acts faithfully on {1,2,...,d}, the group [G]* acts faithfully on T’ f. In
particular, an element of [G]¢ is uniquely determined by its action on Tf .

Restricting an element of [G]¢ to words of length £ — 1 gives an element of [G]*~! and defines a
surjective homomorphism [G]* — [G]*~!. Hence the groups [G]¢ form an inverse system

1= [GP « [G]' « [G]? « [G] « ... (1)
Definition 2.4. The iterated wreath product of G, denoted [G]>, is the inverse limit of (T).

The trees Tf likewise form an inverse system whose limit we denote T77°. Since G is finite, so
too are the groups [G]* and the trees T. Hence [G]*° and T5° are both naturally endowed with a
profinite topology and the group [G]* acts continuously on 779°, or equivalently on right-infinite
words 14213 . .. in the alphabet {1,2,...,d}.

We require a little more language to discuss iterated wreath products and their subgroups effec-
tively:

Definition 2.5. Let p; : [G]> — [G]® denote the restriction to words of length £. The kernel of
pe, called the level £ stabilizer and denoted Sty[G]>°, is the subgroup of all elements of [G]*> which
stabilize the first ¢ levels of the tree.

Given two elements w,v € [G]™ and an integer ¢ > 0 we write u =; v as a shorthand for
pe(u) = pe(v). We write u ~p v as a shorthand for py(u) ~ pg(v) in [G]¢. If U,V C [G]*> are
subgroups, then we define U =, V and U ~, V analogously. Given an integer ¢ > 0 and an element
u € [G]*®, let ordy(u) denote the order of py(a) in the group [G]¢. If K C H C [G]*°, then we define

[H : K]p == [pe(H) : po(K)] = [H St[G]® : K Ste[G]™).

The recursive structure of the iterated wreath product makes it amenable to inductive arguments.
Some subgroups have a similar property, including those we will study in subsequent sections,

Definition 2.6. A subgroup H C [G]™ is said to be self-similar if St; H C H?. Note that self-
similarity is not generally stable under conjugation, which is to say that self-similarity depends on
the labeling of the tree.

By construction, the stabilizers St;[G]>° form a neighborhood basis of the identity. With the
associated truncatiosn py, they furnish a convenient criterion for equality of closed sets:

Lemma 2.7. Suppose that U,V C [G]* are closed subsets. Then
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(1) U=V if and only if U =, V for all £ > 0,
(2) U~V if and only if U ~y V for all £ > 0.

Proof. The forward implications of (1) and (2) follow immediately by taking quotients. We now
consider the reverse implications.
(1) If pe(U) = pe(V) for all £ > 0, then the definition of the profinite topology implies that

U=V. Since U and V' are closed by assumption, we conclude that U = V.
(2) Let Hy C [G]* be the stabilizer of py(U) under the conjugation action, and let

Hy = p; " (Hy) C [G)™.
Note that [G]* finite implies that Hy is closed, hence compact, and of finite index.
Let My C [G]* be the set
My :={m € [G]® :m 'Um =, V}.
Fach My is a union of cosets of Hy, necessarily finite, and hence compact. The M, are nested

Mo 2D My 2 My O ...,

and the assumption U ~y V implies that M, is nonempty for each £ > 0.
Therefore, the intersection ﬂezo My is nonempty and for any m € ﬂezo My, we have m™'Um =,

V for all £ > 0. Thus by (1) we have m~1Um = V. O

The following proposition provides inductive criteria for checking equality and conjugacy in
iterated wreath products. We make frequent use of these criteria throughout the paper.

Proposition 2.8. If u,v € [G]* are elements and U,V C [G]* are closed subgroups, then

(1) uw=v if and only if u =y v for all £ > 0,
(2) U=V ifand only if U =, V for all £ >0,
(8) u~ v if and only if u ~p v for all £ > 0,
(4) U~V if and only if U ~; V for all £ > 0.

Proof. This is an immediate consequence of Lemma [2.7} note singleton subsets are closed in the
Hausdorff group [G]*°. O

Remark. In Proposition the assumption that the subgroups U and V are closed is essential.
For example, in Bartholdi and Nekrashevych’s resolution of the twisted rabbit problem [BNO6|, the
authors identify three distinct subgroups of [S2]* which nevertheless coincide at every finite level
truncation. These are the iterated monodromy groups of the rabbit, co-rabbit, and airplane, and
Proposition [2.8 implies that they have the same closure.

2.3. Systems of recurrences. One simple way to construct elements of [G]* is via recursive
relations. Suppose x1,x3,...,x, is a list of n indeterminates, where n may be infinite, and let
[G]°°(z1, 2, ..., Ty) denote the group formed by freely adjoining the x; to [G]°°.

Definition 2.9. A system of recurrences in [G]*° is a list of n equations
v = gi(hi1, .- hig),
where g; € G and h; j € [G]*® (21,22, ...,2n).
Example 2.10. Let G = S3 and n = 2. Let 0 := (123) and 7 := (23) be elements of S3. Then

z1 =o0(l,21,22)

x9 = T(T122,1,1)
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is an example of a system of recurrences with two equations. The system of recurrences completely
determines how a solution (z,z2) = (a1, a2) acts on words. For example, we calculate

a1(21131) = 3as(1131)
= 3lajaz(131)
= 3lai1(lajaz(31))
= 312aja1a2(31)
= 312a1a;(21)
= 312a;(3a21)
= 3121a(1)
= 31211.

Since elements of [S3]°° are completely determined by how they act on right-infinite words, it follows
that the system of congruences has a unique solution. Lemma [2.11] generalizes this observation. [

Lemma 2.11. Any system of recurrences x; = gi(hi 1, hi2, ..., hiq) in [G]* has a unique solution
x; =a; € [G]* for1 <i<n.

Proof. For each £ > 0, let A; C ([G]*°)™ denote the set of all n-tuples (a1, ..., a,) such that z; = a;
satisfies the system of recursions in [G]’. The A, are compact and nested

AgD A DA D ...

We prove by induction on ¢ that Ay is non-empty and that if (a1, a2, ...,a,),(d},db, ... al) € Ay
are two elements, then a; = a; for 1 <i<n.

Since g =¢ 1 for all g € [G]*°, it follows that (1,...,1) € Ap and that any (ai,...,a,) € Ao
satisfies a; =g 1. Now suppose ¢ > 1 and that our assertion holds for £ — 1. Let (a1,...,an) € A1
and define (aq,...,ay,) by

a; 1= gi(h@l(d), ey hi,d(d),
where h; j(a) € [G]* is the element we get by substituting x;, — a; into h,; for each k. Define
h; j(a) analogously via the substitution xj, +— aj. Since (ai,...,a,) € Ay—1, we have

a; =¢—1 a; = gi(hi1(a),. .., hiq(a)).
Thus, h;j(a) =¢—1 hsj(a) for all ¢ and j, implying that

ai = gi(hi1(a), ..., hia(a)) =¢ gi(hia(a), ..., hia(a)).

Hence, (a1,...,a,) € Ag. If (d),...,al,) € Ay is another element, then our inductive hypothesis

implies that a; =¢_1 a. Thus h; ;(a) =¢_1 h;;(a’) for each i and j, and
a; =¢ gi(hii(a), ..., hia(a)) =¢ gi(hia(a'), ..., hia(a’)) = a;.

This completes our inductive step and hence our induction. Therefore, A :=(),5, A¢ is nonempty
and Proposition [2.8] implies that A contains a unique solution of the system of recursions. ]

In the application we are working towards, we encounter elements of an iterated wreath product
which satisfy a system of recurrences up to an unknown conjugacy.

Definition 2.12. A system of n conjugate recurrences in [G]*>°, where 0 < n < oo, is a list of
conjugation identities

zi ~ gi(hig, - hia),
one for each 1 < i < n, where g; € G and h;; € [G]*(x1,...,2,). We say a system of conjugate
recurrences is cyclic if for each 1 < ¢ < n and each 1 < j < d there exists integers k, m; with
1 <k < n such that my, j ~ 2% in [G]>®(z1,...,2n).
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A solution to a system of conjugate recurrences is a solution to any particular system of recursions
obtained from a choice of conjugating elements for each i. Once conjugating elements are chosen,
we get a system of recurrences which has a unique solution by Lemma When the system of
conjugate recurrences is cyclic, the following proposition shows that all solutions of the system are
themselves conjugate in [G]>.

Proposition 2.13. Let z; ~ gi(hi1,...,hiq) be a system of n conjugate cyclic recurrences in [G]*.
If z; = a; for 1 <i < n is one solution of this system, then x; = a, is another solution if and only
if ai ~ a} in [G]*® for 1 <i < mn. In other words, conjugate cyclic recurrences have unique solutions
up to conjugacy.

Remark. Tt is not hard to see that if (ay,...,a,) is a solution of a system of conjugate recurrences,
then so is (uaju™!,... ua,u=t) for any u € [G]>°. Proposition shows something stronger: If
the system of conjugate recurrences is cyclic, then we can conjugate the a; independently for each
¢ and still get a solution of the system.

Proof. First suppose that x; = a; for 1 < ¢ < n is a solution of the system of conjugate cyclic
recurrences and that a) are elements such that a; ~ a} in [G]* for each i. Cyclicity implies that
for each 1 <7 <n and 1 < j < d there exists integers k,my, such that 1 < k < n and 7, ; ~ a?’“

in [G]*°. Then a; ~ aj, for all k implies that a;"* ~ a;""*. Thus Proposition [2.2] implies
a; ~ a; ~ gi(hii(a), ..., hia(a)) ~ gi(hi1(d'),. .. hia(d)).

Hence z; = a} for 1 <1i < n is a solution of the system of conjugate recurrences.

Next suppose that x; = a; and x; = a] are two solutions of the system of cyclic conjugate
recurrences. We wish to show that a; ~ a} in [G]* for all 1 <4 < n. By Proposition it suffices
to prove by induction on £ that a; ~y ag for each 1 < ¢ < n and for all £ > 0. First note that
a; =o a, =¢ 1 for each i, which establishes the base case. Next suppose that ¢ > 1 and that for
each ¢ we have that a; ~y_1 ag. Cyclicity implies that for each 1 <i<mnand 1 < j <d,

7Tai,j ~ aZLk ~y_1 a;m’“ ~ Wa;,j‘

Thus Proposition [2.2] implies that
a; ~ gi(hii(a), ..., hia(a)) ~¢ gi(hin(d'), ... hia(a)) ~ aj,

which completes our induction. O

2.4. Tterated wreath products of cyclic groups. For the remainder of this paper, we let
o = (123---d) € Sy denote the standard d-cycle and let Cy := (o) denote the cyclic subgroup
generated by o. We construct the iterated wreath product [Cy]* with respect to the natural
action of Cy on {1,2,...,d}. Note that for each ¢ > 0 the order of the group [Cy]* is dl¢, where
[l)g := %. Hence ordy(g) divides a power of d for every g € [Cy4]* and every ¢ > 0, which implies
that g™ is well-defined for every d-adic integer m € Z4. The groups we study in this paper are all
closed subgroups of [Cy]*°, hence will contain these powers.

Lemma [2.14] highlights a special case of Proposition [2.2] which is particularly useful for checking
conjugacy in [Cg]>.

Lemma 2.14. If o(hy,...,hq) € CqU H, then
O'(hl,...,hd) ~ 0'(1,. . .,1,hdhd_1 hl)
The following lemma is used in the proof of Proposition [3.15

Lemma 2.15. If g € [C4]™ and € € Z) satisfies ¢ = 1 mod d, then g ~ g° in [Cq]™.
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Proof. By Proposition , it suffices to prove that g ~y ¢° for all g € [Cy]*™ and all £ > 0. We
proceed by induction on ¢. The base case is trivial since g =y g°* =g 1. Now suppose ¢ > 1 and
g~e-19°
If g =1 07, let k be the number of o/-orbits in {1,2,...,d}. Then Proposition implies that g
is conjugate to
g~9g =0 (g1, 9k, 1,...,1)
for some g; € [C4|*. Note that

g/d: (gla"'7gkagla'--7gk7"'7917"'7gk)'
By assumption we may write € = 1 + de’ for some &’ € Zy. Then

g€ Nglf
:g/(g/d)a’
=01t gl gh TR0 )
NUj(g%'*'dsl,...,gi+d€/,1,...,1)

=l (g7, 05 15 1)
where the second conjugacy follows from Proposition Our inductive hypothesis implies that
gf ~p—1 g; for each 1 <14 < k. Appealing again to Proposition [2.2] we have

gE NO-j(g§7g§7"‘7gz717"'71) Né Uj(gl""?gk7]‘7"'71) :g/Ng'
This completes the induction. ]

The abelianization of a wreath product G ¢ H is isomorphic to G* x H* with g(hy,...,hq)
mapping to (g,h1---hg). It follows that the abelianization of [Cy]> is isomorphic to the infinite
direct product Cg°.

Definition 2.16. Given an integer ¢ > 1, the (additive) level ¢ character, denoted ¥y, is the
function xy : [C4|* — Z/dZ given by the composition of the abelianization map, projection onto
the fth coordinate, and finally the isomorphism sending ¢? — j mod d.

The functions y, may be calculated recursively by x1(c7(g1,...,94)) = j and for £ > 1,

d
Xe(o7 (g1, 9a) = D xe-1(90)-
=1

Remark. When d = 2, we have Sy = Cb, hence [S2]* = [C3]*°. In that case the functions x, are
equivalent to the ¢th level sign functions sgn,, differing only by an isomorphism of their codomains.
The sign functions play an important role in analyzing [Sg]* and its subgroups. When d > 2,
there are also sign functions defined on [Cy]® by restriction from [Sy]*°, but they are less useful.
For example, when d is odd, all the sign functions are trivial on [Cy]*°, and when d is even, they
are d/2 powers of our sign functions. The characters x; are a finer invariant, and the appropriate
generalization to this family of groups.

Definition 2.17. The standard odometer is the element co, € [Cy4]*° defined recursively by
oo =0(1,...,1,Co0).

An odometer is any element of [Sy4]*° that is conjugate to ¢ in [Syq]*°. A strict odometer is any
element of [Cy]™ that is conjugate to co in [Cy]™.

Since x1(¢s0) = 1 and x¢(coo) = Xv—1(cx0) for £ > 1, it follows that y¢(ceo) = 1 for all £ > 1.
Hence if ¢ € [Cy]™ is any strict odometer, then we also have x;(c) =1 for all £ > 1. The following
lemma shows that this is a sufficient condition to be an odometer.
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Lemma 2.18. If ¢ € [Cy|*, then c is a strict odometer if and only if x¢(c) =1 for all £ > 1.

Proof. We prove by induction on ¢ that if ¢ € [Cy4]* is an element such that yi(c) = 1 for all
1 <k <4, then ¢ ~y ¢ in [Cy4]*°. Note that if this holds for all £ > 0, then Proposition implies
that ¢ ~ coo in [Cg]™®. If £ =1, then xi1(c) = 1 implies that ¢ =1 0 =1 ¢, and the conclusion is
immediate.

Now suppose that £ > 1 and that our hypothesis holds for £ — 1. Thus ¢ =1 ¢ and Lemma [2.14
implies that ¢ is conjugate to o(1,...,1,¢) for some ¢ € [Cy4]>®. If 1 < k < ¢, then 1 = yi(c) =
Xt—1(c’). Our inductive hypothesis implies that ¢’ ~y_1 ¢oo. Thus by Lemma

€~ 0(17"'7170,) ~eo(l 1 e) = Coo,
where both the conjugacies are in [Cy4]*°. This completes our induction. t

Lemma 2.19. If c € [S;]™ is an odometer, then c acts via a d*-cycle on words of length £, and in
particular ordy(c) = d.

Proof. Identifying our alphabet {1,2,...,d} with {0,1,...,d — 1} via i — i — 1, there is a natural
bijection between right-infinite words and elements of Z,4. Let 7 : Zy — Z4 be the translation by 1
function, 7(x) := x + 1. Then 7 satisfies the recursion

T=o0(1,...,1,7),

where the nontrivial restriction comes from carrying. Clearly 7 acts via a d‘-cycle on words of
length ¢. Since co, and 7 only differ by a relabeling of the alphabet, the same must be true for c.
Since all odometers are conjugate to co we conclude that every odometer ¢ acts via a d’-cycle on
words of length ¢ and thus, ord,(c) = d’. O

The essential property of odometers that we use in our analysis is that they are self-centralizing
within the full tree automorphism group [Sg]>.

Notation 2.20. If G is a topological group and gi,...,9, € G, then we write (g1,...,9n)) to
denote the subgroup of GG topologically generated by the g;.

Proposition 2.21. If ¢ € [S4]* is an odometer, 0 < ¢ < oo, and g € [Sg|™ is an element such
that [g,c] =¢ 1, then g €y ((c)).

Proof. 1t suffices to prove this for ¢ = co. Suppose g € [Sy]*> and [g,c] =; 1. Lemma implies
that ¢ acts on words of length ¢ via a d‘-cycle. Since d’-cycles are self-centralizing in Sy, we
conclude that g €y (¢)). The £ = oo case then follows from Proposition O

2.5. Heisenberg group. The Heisenberg group Hy arises naturally as a quotient of the iterated
monodromy groups we study in Section

Definition 2.22. Let Hy := (o) x (Z/dZ))? where o acts on (Z/dZ)? via c='(i, )0 = (i + j, j).
Lemma [2.23| provides a convenient presentation for Hg.
Lemma 2.23. For alld > 1,
(91,92 2 91 = g8 = [g1, 91, 9] = [92, [g1, 9] = 1) = Ha
where the isomorphism sends g1 — o and ga — (0,1).

Proof. Let G := (g1, 92 : g% = 93 = [g1, [91, 92]] = [g2, [91, 92]] = 1). Consider the map from the free
group generated by g1, g2 to H4 which sends g1 — (0,1) and g2 — o. Observe that [g1, g2] — (1,0),
which by construction commutes with g; and go. Since (0,1) and o both have order d, this map
factors through G. Thus it suffices to show that G has order at most d°.
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Since g1 and g2 generate G, the relations imply [g1, g2] is in the center. Therefore g € G may be
written in the form
9= 919391, 92"
by writing g as a word in g; and g» and iteratively applying gog1 = g192[g1,g2)*. It suffices to
show that [g1, g2] has order at most d.
Every commutator in G may be expressed as a word in conjugates of [g1, g2], which lies in the
center of GG, hence belongs to the center of G. Therefore if hy, ho, hg € GG, then

[h1, hahs] = [Rh1, halhg Ry, halhs = [h1, hal[ha, ha).
It follows that
(91, 92]% = [g1,99] = [g1,1] = 1. O

The group H4 has a distinguished involution which plays an important role later.

Lemma 2.24. With respect to the presentation in Lemma [2.23, there is a unique involution T of
Hq such that 7(g1) = go. Explicitly, in terms of (o) x (Z/dZ)?, it is given by

7(0"(s,t)) = o' (rt — s,7).

Proof. Exchanging ¢g; and g3 in the presentation for Hy provided by Lemma [2.23] yields an isomor-
phic group. Hence there is an involution 7 : Hg — Hg4 which satisfies 7(o) = (0,1) and 7(0,1) = o;
this involution is unique since o and (0,1) generate Hy. Note that " (s,t) = ¢"(0,1)¢[(0,1), 0]*,
hence

(0" (s,t) = (0,1)"¢"[(0,1), 0] = (0,7)0"(—s5,0) = o' (rt — s,7). O

3. PROFINITE ITERATED MONODROMY GROUPS

Let K be a field and f a rational function over K. In this section, we construct the geometric
and arithmetic profinite iterated monodromy groups of f over K, relate them to the constant field
extension, and produce embeddings into iterated wreath products which realize them as self-similar
groups in a Galois-equivariant fashion. For polynomials, we produce embeddings that are especially
well-behaved with respect to the ramification at infinity.

3.1. Monodromy groups. Let K be a field, f rational function over K, and ¢ some transcen-
dental over K. Then f determines a branched self-cover of ]P’}{, which, in terms of function fields,
corresponds to the extension extension K(z)/K(t) defined by clearing denominators in f(x) = t.
The resulting polynomial has degree d, and is irreducible by Gauss’s lemma. We will further assume
that this extension is separable; for a polynomial, d coprime to char K is sufficient.
Fix a separable closure (K (t))*P and let K5 be the separable closure of K within (K (¢))%P.
Three natural field extensions and their associated Galois groups appear:

Definition 3.1. The arithmetic monodromy group of f, denoted Mon f is
Mon f := Gal(K(f~1(1)) /K (1)):
The geometric monodromy group of f, denoted Mon f is the subgroup
Mon f = Gal(K*P (£~ (1)) K*P(1)).

Let IA{f be the algebraic closure of K inside K (f~1(t)), or equivalently K N K(f~1(t)). We call

K the constant field extension associated to f. The last group is simply Gal(l? +/K), the constant
field Galois group.
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Restriction induces a natural inclusion of Mon f into Mon f. There is a further restriction from
Mon f to Gal(Ky/K). It is clear that Mon f is in the kernel of the latter restriction. In fact, it can
be shown that the following sequence of restrictions is exact:

0 — Mon f — Mon f — Gal([?f/K) — 0.

Recall that finite extensions of C(t) correspond to finite branched covers of P&. In this case,
the arithmetic and geometric monodromy groups of f coincide and are isomorphic to the group of
deck transformations of the branched cover associated to the Galois closure of f. For more general
fields K, the arithmetic monodromy group of f incorporates more delicate information about the
interaction between the arithmetic Galois theory of K*P /K and the geometric deck transformations
of the branched cover associated to f.

3.2. Iterated preimage extensions. Let f™ denote the n-fold composition of f with itself. The
iterated preimage extensions of K (¢) naturally form a tower

K(t) € K(f7H (1) S K(f2(1) € ... S K(7>(1) = | J K(f

£>0

and sumlarly with K replaced by K*P. With f understood, let Ke be a shorthand for K ey and

let Ko be the field such that K(f7°(t)) N K5P(t) = Koo (t). Equivalently, Koo = Usg K;. The
arithmetic and geometric monodromy groups for each iterate f™ and the associated constant field
extensions are all compatible, and passing to the limit gives rise to the profinite iterated monodromy
groups we study:

Definition 3.2. The arithmetic profinite iterated monodromy group of f is the Galois group
PIMG(f) := Gal(K(f~>(t))/K(t)) = lim Mon f.

The geometric profinite iterated monodromy group of f is the Galois group
PING(f) 1= Gal(K (F(t) /R ;(t)) = Gal(K**P(f~()) /K" (1)) = lim Non f".

The “profinite” in the names of these groups refers to the fact that both groups, being Galois
groups, are profinite. This is in contrast with the discrete iterated monodromy group associated to
a rational function defined over the complex numbers. The discrete iterated monodromy group of
f(z) € C(x) is constructed topologically and the geometric profinite iterated monodromy group is
isomorphic to its profinite completion [Nek05, Ch. 5].

3.3. Self-Similarity. The iterated f-preimages of ¢ naturally form a regular rooted d-ary tree.
Since f has coeflicients in K, the group pIMG f acts via tree automorphisms on these iterated
preimages. This is an example of an arboreal representation of the Galois group pIMG f. We will
construct labelings of this tree which give this arboreal representation several useful properties.

Definition 3.3. If ¢ is transcendental over K, then a path from t to t’ is a K®*P-isomorphism
A K ()P — K (t')%P such that A(t) =¢'.

Note that a path from ¢ to ¢’ induces a K®P-isomorphism between K (f~°°(¢)) and K(f~>°(t')).
Paths exist between any two elements transcendental over K, but there is typically no natural way
to choose or construct an explicit path. If K = C and a,b € C, then a path from a to b in the
sense of topology induces a path from t — a to t — b in the algebraic sense defined above, but not
all algebraic paths from ¢ — a to ¢t — b arise in this way: there are far more algebraic paths, in the
same way that profinite iterated monodromy groups have far more elements than discrete iterated
monodromy groups.

Since ¢ is transcendental over K, each t' € f~1(t) is also transcendental over K. If ) is a
path from t to ', then f(A\(t)) = t and it follows that for all £ > 0 and t” € f~%(t) we have
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FEO(")) = t". Also, because t' € K(t)*P we may suppose that K (/)P C K(t)*P. Hence ) is a
K*P-endomorphism of K (t)%P.

Definition 3.4. A preimage labeling or ordering (for f and t) is a bijection i — t;, where the ¢;
are the distinct solutions of f(x) =t in K(¢)*P. Given a preimage labeling, a choice of paths A for
f and t consists of a collection of paths A; from t to t; for each i.

Remark. When K3 = C, one may use topology to construct a convenient choices of paths for
analyzing pIMG f. See [BNO§| for an example in the quadratic case. Since we are working with an
arbitrary field K, we cannot as directly rely on topology to help us choose paths. We instead take
a purely algebraic approach.

A preimage labeling determines an identification of Mon f and Mon f with subgroups of Sy with
its usual permutation action. We use the choice of paths A to propagate this upward, and label the
tree of iterated f-preimages of ¢ by words in the alphabet {1,2,...,d} as follows: If w = iyig...1p
is a word in the alphabet {1,2,...,d}, let Ay, := Aj; Aiy - - - Aj,. We then define t,, := A\, (t). Observe
that f!(t,) = t, hence t,, € f~¢(t).

Suppose we have fixed a preimage labeling ¢ — t;. Let v — %4 denote the composition of the
natural restriction map pIMG f — Mon f with the induced inclusion into Sy. If 1 < 4,5 < d, then
4(i) = j if and only if v(¢;) = t;. In this case, v induces a K (t)-isomorphism

Vit K(f72(:) = K(f7(t5))-
If 6 € pIMG f, then (y); = V‘S(i)ﬂi'
Lemma 3.5. Let A be a choice of paths. If v € pIMG f and 1 < i < d, let yp; = )\;(li)ﬂi/\i. Then
the function p' : pIMG f — Mon f x (pIMG f)¢ defined by
IOZX(PY) = ’7(’7/\,17 s a7A,d)7
s an injective homomorphism.

Proof. Observe that

PANANE) =7ty -y 70a)0(OAd, - -+ OA.d)
~S ’7

= 74( A7g(1)5A,1a e 7'7A,5(d)5A,d)-

On the other hand, we have % = '?5 and for each 1,

- = (AL Al L5 = AL Al Sl = A=t N\ — ,
’YA,g(i)éA,z = ()\;fg(i)’ﬂg(i))‘a(i))()\g(i)‘s‘z/\Z) = /\;Yg(i)’7|5(i)5|z)\z = )‘%(i) (Y0)liAi = (v6)ai-

Therefore py (v6) = pl\(7)p(8). If v € ker py, then 7(i) = ¢ for each i and ~y|; is the identity on

K(f~°°(t;)). Hence v acts trivially on the set (J;~q f~“(¢), implying v = 1 in pIMG f. Thus p), is
injective. a (|

Iterating p)y gives a homomorphism pp : pIMG f — [Mon f]> defined recursively by

pa(Y) == F(pa(va1)s -+ -5 pA(YALd))-

The following proposition shows how pa(v) acts with respect to the labeling of the iterated pre-
image tree corresponding to A.

Lemma 3.6. If w is a word in the alphabet {1,2,...,d} and v € pIMG f, then

V(tw) = tpp(y)(w)-
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Proof. We proceed by induction on the length ¢ of w. The claim is trivially true for words of
length 0. Now suppose that £ > 1 and that the assertion holds for all words of length ¢ — 1 and all
~ € pIMG f.

Every word of length £ may be expressed as iw for some 1 < i < d and some word w of length £—1.
If v € pIMG f, then there is some word w’ with the same length as w such that v(t;,) =t
Since tiw = Ai(tw) and t5(;y0 = A3 (twr), it follows that

Yai(tw) = /\:_,(li)’Y‘i/\i(tw) = tu-

On the other hand, our inductive hypothesis implies that v ;(tw) = oa(1a,)- Therefore w =
pa(ya,i). Hence

!

F(@w

V(tiw) = tiontva)w) = Lo () (i)
which completes our induction. U

Lemma 3.7. Fiz a preimage labeling and suppose A1 and Ao are two choices of paths. There exists
an element w € Stq[Mon f]*° = ([Mon £]*)?¢ such that w™pa,w = pa, .

Proof. Proposition 2.8 implies that it suffices to prove that for all £ > 0 there exists a w €
St1[Mon f]* such that w=!py,w =; pa,. We proceed by induction on ¢; the £ = 0 case is im-
mediate.

Suppose that ¢ > 1 and that the claim is true for £ — 1. Let w € St1[Mon f]* be an element
such that w™lps,w =41 pa,. Let wy := (w,...,w) € St;[Mon £]*°. Then for v € pIMG f we have
witoa, (Vwr = F(w ™ paw(ya 1), w oaw(vaya))

4 ﬁ/(p/\z ('7/\1,1)7 s PAg (7A1,d))'
Let A1; and Ay; denote the paths associated to A; and Aj respectively. Define
Wy 1= (pA2 ()\171)\27&), ey PAy ()\Ld/\zjcll)) € Stl[Mon f]oo,
and set w’ := wjws € St;[Mon f]*°. Then

—1 1~
W' pay (V)W =0 w5 A (ay (VA1) - -+ PAs (YAs.d)) W2

= ’~Y(PA2(/\2,:7(1)Aié(l)”ml,d/\l,l)\ﬁ)a ., 7pAz(/\2,'7(d))‘i}y(d)VAl,d)‘l,d/\Q_,(li))
= 3(Pa2(VA2.1)s - -+ P22 (VA2.0))
= pas(7)-
This completes our inductive step, hence our proof. O
A choice of paths A for f and ¢ also gives an embedding
pa : pPIMG f — [Mon f]* C [Mon f]>°.
Definition 3.8. Let A be a choice of paths for f and . Then we define
Arb f := pa(pIMG f) C [Mon f],
Arb f:= pa(pIMG f) C [Mon f]>.
The dependence on the paths is suppressed in the notation.

The homomorphisms pp and py are examples of arboreal Galois representations, hence the no-
tation Arb f and Arb f for their images. With a fixed preimage labeling, Lemma implies that
Arb f and Arb f are well-defined up to conjugation by an element of St;[Mon f]*°.

Lemma 3.9. The groups Arb f and Arb f are self-similar with respect to any choice of paths A.

1

Proof. This follows immediately from the definition of py and the fact that vy ; := )\% v|iNi €

pIMG f for every v € pIMG f. 0
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3.4. Post-critically finite rational functions. Let 'y C IP’}(Sep denote the set of critical points
of f(x). The post-critical set of f, denoted Py is the strict forward f-orbit of Cf,

ppi= @y

n>1

Definition 3.10. We say f is post-critically finite or PCF if Py is finite.

Recall that there is a natural correspondence between places in K*P(¢) and points in IP’}(SCP.
Hence when we talk about ramification or inertia groups over a point p € P}(sep, we mean the
ramification or inertia groups over the place corresponding to p. The points which ramify in
K3P(f=°°(t))/K*P(t) correspond to the critical values of iterates of f, often called branch points.
The chain rule implies that Py contains the critical values of all iterates of f. Thus the extension
K5P(f~°°(t))/K®°P(t) is only ramified at finitely many points when f is PCF. If char K does not
divide the ramification index of any critical point of f, then K®P(f~°°(t))/K®P(t) is at most tamely
ramified over these points, hence the inertia groups over all points are topologically cyclic.

Lemma 3.11. Suppose that f is PCF and that Py contains n+ 1 points p1,p2,...,ppi1. Further
assume that char K does not divide the ramification index of any critical point of f. Then

PIMG f = (v1,72, -+, Ynr Yt 1)

where each y; is a topological generator of an inertia subgroup of a (pro-)place in K5P(f~°°(t))/KP(t)
over the point p;, and Yn+1 =1 Vn-

Proof. Let K*P(t)p, /K*P(t) denote the maximal tamely ramified extension of K*(t) which is
only ramified over the points in Py. Grothendieck proved that

Gal(K™P(t)p, /K*P(t)) = (71,72, - -+, Tny Tat1 * Tl = T1°** Ta))s (2)

where each 7; is a topological generator of an inertia subgroup over the point p; (see [GR71, Exposé
X Corollaire 3.9 and Exposé XII, Corollaire 5.2], or [Sza09, Thm. 4.9.1] for a precise statement in
English). Since K®P(f~°°(t))/KP(t) is only tamely ramified over Py, it follows that pIMG f is a
quotient of Gal(K*°P(t)p, /K*P(t)), hence that

pIMGf = <<’717727 .. 7’Yn7fyn+1>>7

where each ~; topologically generates an inertia subgroup over p; and vp4+1 =71+ Vn- (]

Remark. The Galois group Gal(K°P(t)p,/K**P(t)), the maximal extension of K(t) unramified

ét,tame

outside of P; may be interpreted as m; (]P’}(SCP \ Pr,p), the tame étale fundamental group of
IF’}(SQP \ Py with respect to the geometric point p corresponding to our choice of separable closure

of K*P(t) in which K*P(t)p, lives. This presentation of Wft’tame(ﬂ”}{scp \ Py, p) follows from the
fact that tamely ramified extensions can be lifted to characteristic 0 where the étale fundamental
group is known to be the profinite completion of the topological fundamental group of IF’%: \ ]5f,
where 13f is a lift of the set Py. This topological fundamental group is classically known to have a
presentation matching , where the generators correspond to loops winding once around each of
the corresponding punctures.

Remark. Note that Lemma only tells us that pIMG f is topologically finitely generated by
inertia generators. This choice of inertia generators is not unique, and not all choices necessarily
generate the group. There will typically be many intricate relations among these generators which
depend on dynamical properties of f.

The following Lemma is useful for determining the conjugacy class of pa(y) when + is an inertia
generator.
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Lemma 3.12. Fix a preimage labeling and a choice of paths A for f and t. Let (t — p) be a prime
in K5P(t) and let P be a prime in K5P(f~°(t)) over (t — p). Let v € pIMG f be a topological
generator for the inertia group of P over (t — p).

For each 1 < i < d, we have P N K*P(t;) = (t; — ;) for some q; € f~'(p). Let e; denote the
ramification index of f at q;; note that e; is also the length of the orbit of i under 5. Then

Tnsei-1@) Y = A i (3)
is a topological generator for the inertia group of P; := )\Z-_l(P N K5P(f72°(t;))) over (t — ¢;).

Proof. The identity follows from the definition of v4 ; and the assumption that e; is the length
of the 4 orbit of 7. Since e; is the ramification index of f at ¢;, it follows that ¢ topologically
generates the inertia group for \;(P;) := P N K5P(f~%°(t;)) over (t; — ¢;). Therefore )\i_lfyei li\i
topologically generates the inertia group of P; over \; *(t; — ;) = (t — ;). O
3.5. Choosing paths for polynomials. Suppose now that f(x) € K|z] is a polynomial of degree
d prime to char K. It follows that oo is a totally tamely ramified fixed point for f, and hence of
any extension K (z)/K(t) defined by f"(z) =t), and so an inertia subgroup ((7~)) over infinity in
the Galois closure K®P(f~>°(t))/K%P(t) is isomorphic to Zj.

Recall the standard odometer co in [Cy]*™ defined recursively by cs = o(1,...,1,¢x). If one
views the tree labeling as encoding digits of d-adic integers, the standard odometer represents
addition by 1 in Zg, so ((coo) = Zg.

Abstractly, then, inertia subgroups are isomorphic to subgroups generated by an odometer. It
turns out this isomorphisms can be realized Galois-theoretically: Proposition [3.13| shows that for
each choice of topological generator v, € pIMG f of an inertia subgroup at oo, there exists a choice
of paths with respect to which ., acts via the standard odometer.

Proposition 3.13. For each topological generator voo € pIMG f of an inertia group over co, there
ezists a preimage labeling i — t; and a path X from t to t1 such that the collection of paths A defined
by i := S A from t to t; satisfies pa(Voo) = Coo-

Proof. Up to a linear change of coordinate defined over K, we may write f(z) = az? 4+ b. Let
K*P((1/t)) D K*P(t) be the field of formal Laurent series in 1/¢, which may be interpreted
as the completion of K®P(t) at co. Let K((1/t))%P be a choice of separable closure; note that
K((1/t))*P contains a separable closure of K(t). Since d is coprime to char K, the extension
K5P((1/t)(f~°°(t))/K®P((1/t)) is a pro-d cyclic extension with Galois group canonically isomor-
phic to the inertia group over co of K5P(f~°°(t))/K*P(t). Hence we may extend v to a topolog-
ical generator of Gal(K*P((1/t))(f~°°(t))/K"P((1/t))). Note that (7)) is isomorphic to Zg4, the
additive group of d-adic integers.

Let t1 € f~1(t) € K((1/t)*P and let A : K((1/t)*® — K((1/t1))*® be a K"P-isomorphism
such that () = ¢;; note that A induces a path from ¢ to ¢;. Furthermore, |g| = |A\(g)|1 for all
g € K((1/t)*P where |- | and |- |1 are the standard normalized absolute values on K ((1/t))%P and
K((1/t1))%P respectively. Let to, := \(t). Then (to,) is a tower of iterated f-preimages of .

Kummer theory implies that for each ¢ > 0,

K*P((1/0)(f~(1)) = K*P((1/t"/")).

Considering the Newton polygon of f¢(x) — t with respect to the 1/t-adic valuation, it follows
that each element of f~¢(t) has valuation —1/d’. This implies that for each element t' € f~*(t)
there is a unique root of g;(x) := a® ' 24" — t which is closest to ¢ with respect to the 1/t-adic
metric. Let 7, be the root of g¢(x) closest to tg,. Note that the these roots are compatible in the
sense that aT;lJrl =y.

Let (¢4) be the sequence of primitive roots of unity in K such that

Yoo (Te) = CaeTe-
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Compatibility of the 7, implies that Cfilé +1 = Cge. By construction of 7,, we may express ty, as a
Laurent series in 7, with coefficients in K5 of the form

o0
tO,é =71+ Z aMT[Z.
i=1—d
Fore € Z/ deZ, define t. p := 5, to. Thus the leading term of ¢, y expanded as a Laurent series in
7¢ is (5, 7¢- Since the leading term of

Atee) = CeA(toe) = Cotoet1
I8 (5 To1 = Cgfﬂrgﬂ, it follows that

Ate ) = taeer1-
Define A to be the collection of paths \; from ¢ to ¢; defined by \; := ’yéglh)\. If 1 <i<d, then

(Voo)Asi = A1 Yoolidi = A (Vagh) M yoelivis Hid = 1,
and if ¢ = d, then

(Yoo)ad = AT YooliAd = A Yaclavls A = ALl
To complete the proof it suffices to show that (Veo)a.d(tz¢) = Yoo (ter) for all £ > 0 and € € Z/d*Z.
By construction we have Yoo (te¢) = tet1,0. On the other hand,

A A tee) = AL (Faeor1) = N (taerdert) = terre O

3.6. Unicritical polynomials. A polynomial f(z) € Klx] is said to be wnicritical if f has a
unique finite critical point. Since Gal(K*°P?/K) permutes critical points of f, the unique finite
critical point must belong to K. Changing coordinates over K we may assume that f(z) = az?+b
for some a,b € K.

The post-critical set Py consists of oo and the forward orbit of 0. Let p; := f1(0). We say f is
post-critically infinite if 0 has an infinite orbit under f; otherwise f is PCF. Let +; for 1 <i <n
and 7. be topological generators for inertia groups over each p;. Since f is unicritical, we have
identifications Mon f = Cy and Mon f C Aff; 4, where

Affy g ={re+s:reZ/dL”, s € L/dL}

is the one dimensional affine group modulo d. Note that p; is the only finite critical value of f,
hence v; =1 1 for ¢ > 1. The group Arb f is as large as possible in the post-critically infinite case.

Proposition 3.14. Suppose f(z) = ax® + b is post-critically infinite. Then Arb f = [Cy]™.

Proof. The element ~; acts trivially on all levels j < 4, acts (without loss of generality) by ¢ on a
single branch at level ¢, and acts trivially on each of the sub-trees above that branch. Such elements
generate the group [Cy]®™. Therefore Arb f = [Cy4]>. O

We now turn to the case of a PCF unicritical polynomial. Suppose that f has exactly n finite
post-critical points. Proposition [3.13| provides us with a preimage labeling and a choice of paths
A for f and t such that pp(7e0) = € is the standard odometer. Let ¢; := pa(7i) € [Cy4]*>°. Thus
Arb f = {lc1,¢9,...,¢c)) and coo = €1 -+ - Cp.

The identity coo = ¢ - - - ¢, implies that ¢y =1 ¢ =1 0. If t/ = \’1/% € f~1(t), then there exists
a primitive dth root of unity (4 € K such that 1 (t') = voo(t') = (at’.

The qualitative structure of Arb f depends fundamentally on whether the finite critical point
of f is periodic or (strictly) preperiodic. We refer to these as the periodic and preperiodic cases,
respectively. In the periodic case, p; is periodic with period n. In the preperiodic case, there is an
integer 1 < m < n such that f™(p1) = f™(p1). This is equivalent to saying that f(pm) = f(pn) =
Pm+1. Since f is unicritical, there must be some integer 1 < w < d such that p, = (§pm.
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Proposition shows that the ¢; satisfy a system of cyclic conjugate recurrences in [Cy]* which
depend on d and n in the periodic case, and d, m, n, and w in the preperiodic case.

Proposition 3.15. Let f(x) = ax® + b be PCF. The topological generators cy,ca, ..., c, of Arb f
satisfy the following system of conjugate recurrences in [Cq|>,

(1) (Periodic Case)

o(l,...,1,¢n) ifi=1,
Cc; ~
‘ (1,...,1,¢i_1) ifi#1

(2) (Preperiodic Case)

o ifi=1
e~ (L, ., en, 1, .., ¢p)  ifi =m+ 1, where ¢, is in the wth component
(1,...,1,62‘_1) ifi£1,m+ 1.

Proof. (1) If i # 1, then p; is not a critical value of f. Hence ¢; =; 1. Thus

pa(i) = (pa(ya1)s -+ pa(VA4))

where Lemma implies that each pa(ya, ;) is the image of an inertia generator over (¢t — g; ;)
where ¢;; € f~(p;). Our assumption that the unique finite critical point of f is periodic implies
that there is a unique j such that ¢;; = p;—1 and for all other j/ we have ¢; ; ¢ Py. Hence
pa(ya,j) ~ c;'7' in Arb f for some d-adic unit ;1 and pa(ya /) = 1. Therefore, conjugating by a
power of o we have the following conjugacy in [Cy]>,

ci~(1,...,1,¢ ).

Next suppose ¢ = 1. Then p; is a critical value of f with unique preimage p, = 0. Thus ¢; =1 0.
To ease notation, let us write v := ;. Lemma implies that pa(va,d) - - - pa(ya,1) is a topological
generator of an inertia group over p,. Therefore Proposition implies that

cp~o(l,...,1¢m)

in [Cy]*° for some d-adic unit &,

Since ¢, is the standard odometer, we have xy(coo) = 1 for all £ > 1. Since ¢; =, 1 for all
¢ < i, we have xy(c;) = 0 for £ < i. The conjugation relations imply that xi(c;) = 1 and that
xe(ci) = gi—1xe—1(ci—1) for £ > 1 with the ¢ — 1 subscripts interpreted modulo n. These recursive
relations combined with the identity co, = ¢y, -+ - ¢1 imply that for 1 < £ < n,

(ci) 1 =/
¢) =
X9 =0 i
Thus for 1 <i < n,
1 =xi(ci) = gimixi—1(ci—1) = €i-1.
If 1 < i <n,then xnt1(c;) = xn(ci—1) = 0. Hence
1 = xn+1(C0) = Xn+1(€1) = enXn(cn) = &n.

Therefore ¢; = 1 mod d for all 1 < i < n. Lemma implies that ¢ ~ ¢; in [Cg]*, and we
conclude that the following conjugacies hold in [Cy]*°,

o(l,...,1,¢,) ifi=1,
c; ~
’ (1,...,1,¢i1) ifi#1.
(2) If i # 1,m + 1, then we argue as in the periodic case that there exists d-adic units €;_1 such
that
c; ~ (1, ey ]., C?_EI)
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in [Cyg]*°. If i =1, then ¢; =; 0 and Lemma implies that pa(ya.q) -~ pa(va,1) is a topological
generator of an inertia group over 0. In the preperiodic case, 0 is not an element of P, hence
pa(yad) - pa(yan) = 1.

Therefore Proposition [2.2]implies that ¢; ~ o in [Cy]*. If i = m+ 1, then ¢pqq =1 1. Suppose P is
a prime in K5P(f~°°(t)) over (t—pm+1) such that v,,+1 topologically generates the inertia group for
P. Let ¢; € f~Y(pm+1) be such that PNKSP(t;) = (t; —q;). Replacing v,+1 with a conjugate by a
power of 1, we may suppose that g4 = p,. Since f is unicritical, we have K5P(f~1(t)) = K5P(t;)
and t; = (Jtq for each j. Thus for each j,

(ta = Pm) = (ta — qa) = (t; — ;) = ((ta — ¢5) = (ta — ;7 q)-

Hence ¢; = Cgpm. Therefore g, = (§pm = pn. If j # w,d, then q; ¢ P;. Thus there exists d-adic
units €, and &, such that

£ £
Cmy1~ (1,..., L, 1,0, cm),

in [Cy4]* where the ¢5» is in the wth component.
The conjugation identities imply that

=1
xeler) = {(1) 041

and x1(¢;) = 0 for @ > 1; if i # 1,m + 1, then x¢(c;) = gi—1xe—1(ci—1) for all £ > 1; and
Xe(Cm+1) = emXe—1(cm) + enXe—1(cn). These recursive relations combined with x4(¢;) = 0 for £ < i
and co, = €1 - ¢, imply that for 1 < /£ < n,

1 i=/¢
XZ(Ci):{O i 0.

Hence for i #1,m+ 1,
1= xi(ei) = eimixi-1(ci-1) = €i-1,
and
1 = Xm+1(cm+1) = emXm(cm) + EnXm(cn) = Em.
Ifi #1,m+1, then
Xn+1(¢i) = Xn(ciz1) =0
Hence, since xp4+1(c1) =0,
1 = Xnt1(C0) = Xn+1(Cmt1) = Xnlcm) + EnXnlcn) = €n.

Therefore ¢; = 1 mod d for all 7.
Since the unique finite critical point is strictly preperiodic and f is unicritical, it follows that
each ¢; has order d for 1 <7 <n. Thus

o ifi=1
ci~<(1,...,1,en,1,...,1,¢p) if i =m+ 1, where ¢, is in the wth component d
(1,...,1,¢i-1) ifis1,m+1.
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4. MODEL GROUPS AND SEMIRIGIDITY

In Proposition we showed that for a unicritical PCF polynomial f(z) € KJz], the group
Arb f is topologically generated by a collection of elements in [C,]* satisfying a system of conjugate
recurrences which is determined entirely by the combinatorial structure of the post-critical orbit
in the periodic case, and in the preperiodic case further requires only a small piece of arithmetic
information, the parameter w. In this section we study two families of model groups A(d,n) and
B(d, m,n,w) C [Cy]> which are topologically generated by elements satisfying the same systems of
recursion as Arb f up to equality rather than conjugacy. Ultimately we show that these generators
have a certain semirigidity property which allows us to deduce that A and B are conjugate within
[C4]*° to Arb f in the periodic and preperiodic cases, respectively.

Definition 4.1. Let d > 2.
(1) Given an integer n > 1, let A = A(d,n) C [C4]* be the closed subgroup defined by

A= (a1,...,a,)
where
o(l,...,1,a,) ifi=1,
a; =
‘ (1...,1,a;—1) ifi#1.
Let as := aja2 - -a, € A.
(2) Given integers n > m > 0 and 1 < w < d, let B = B(d,m,n,w) C [Cy]* be the closed
subgroup defined by

B:= {b1,...,bn)
where
o ifi=1
bi =< (1,...,1,b,,1,...,1,by,) if i =m+ 1,where b, is in the wth component
(1,...,1,b1) if i 1,m+ 1.

Let boo := b1bo---b, € B.

Notation 4.2. Given an integer 1 <1i < n we let ﬂz denote the normal subgroup of A topologically
generated by all conjugates of a; with j # 4, and define B; analogously.

Similarly, if 1 < 4,5 < n, then B;; denotes the normal subgroup of B topologically generated
by all conjugates of by with k # 4,j. In B, we write b; ; := 0/b;oc~7. Since o = by, it follows that
biyj € B.

The recursive descriptions of the model groups imply that St; A C A% and St; B C B%, which is
to say that A and B are both self-similar. Furthermore, each coordinate projection is surjective.

Lemma 4.3. Both A and B are self-similar. Moreover, the coordinate projections m; : St1 A — A
and 7j : St1 B — B are surjective for all 1 < j <d.

Proof. First consider A. If 2 < ¢ < d, then conjugating a; by powers of a; gives us
(1,...,1,ai-1,1,...,1) €St A
where the non-trivial component can be in any coordinate. We also have
ad = (ap,...,a,) € St A.

Therefore 7;(St; A) contains the group topologically generated by all of the a;, which is A. Hence
each 7 : St A — A is surjective.
Next consider B. Observe that conjugating b; with ¢ # 1, m + 1 by powers of by = o gives

(1,...,1,[)1',1,1,...,1)ESt18
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with the non-trivial component in any coordinate. Conjugating b,,+1 by powers of by gives elements
of Sti B with either by, or b, in any prescribed coordinate. Thus m;(St; B) contains the group
topologically generated by the b;, namely B. Hence each 7; : St; B — B is surjective. O

4.1. Orders of generators. The defining systems of recurrence for the model groups along with
the recursive formula for the characters y, (Definition allow us to calculate the values of xy
at each generator. We make frequent use of these calculations, including in the determination of
the orders of the generators.

Lemma 4.4. Let 1 <i:<n and > 1, then
1 4f ¢ =1imodn,
1 ;) =
(1) xela:) {0 otherwise.
1 /=i<m
(2) xe(bi) =<1 £>i>m and {=imodn—m

0 otherwise.

Proof. (1) If £ = 1, then by definition of the a; we have

(a:) 1 ifi=1,

a;) =

Xaidi 0 otherwise.

If £ > 1, then the definition of a; and the recursive formula for x, imply that

xe(ai) = xe-1(ai-1)
where we interpret the subscript of a;_1 modulo n. Hence we may conclude by induction that
1 if £ =17 mod n,
0 otherwise.

xe(ai) = x1(ai—g41) = {

(2) We proceed similarly for the b;. Starting with ¢ = 1, the definition of the b; imply that
1 ifi=1
x1(bi) = { .

0 otherwise.
If £ > 1, then
xe—1(bi-1) ifiz1lm+1,
xe(bi) =40 ifi=1,
Xe—1(bm) + xe-1(bn) ifi=m+ 1.
These relations imply that y,(b;) = 0 whenever ¢ < i. Furthermore, if i < m, then

Yelby) = {1 HE=s, (4)

0 otherwise.
Next we calculate xp(b,) for all ¢ > 1. If  <n —m, then n — ¢+ 1 >m + 1 and
Xe(bn) = X1(bp—r41) = 0.
If £ > n —m, then

Xf(b'fl) = Xt—(n—m) (bm) + X0—(n—m) (bn)
Hence if £ = r 4 g(n —m) with 0 < r < n —m, then a simple induction implies that

Xf(b + Z Xr+s(n—m) Z Xr+s(n—m) )
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Observe that (4) implies that X, s(n—m)(bm) = 1 if and only if r+s(n—m) = m for some 0 < s < g,
which is equivalent to £ > m and £ = m mod n — m. Therefore

1 if £>m and £ = m mod n —m,
Xf(bn):

0 otherwise.
Now suppose that m < i <n and ¢ > i. Then

Xe(bi) = Xe—itm(bm) + Xe—itm(bn)-
Our calculations imply that
1 ifl =1,
0 otherwise,

Xéfier(bm) - {

and
1 iff>4¢and {=imodn—m,

0 otherwise.

Xl—i+m (bn> = {

Therefore if m < i <mn and ¢ > i, then
1 if/=imodn—m
b;) = ’
xe(bi) {0 otherwise.
Putting this all together we have

1 /=i<m.
Xe(bi) =91 £>i>mand {=1imodn—m, 0

0 otherwise.
Recall that ase = a1 - - - ap, and beg = b7 - - - b,. Thus Lemma implies that
Xe(aoo) = Xe(bo) = 1
for all £ > 1. Hence Lemma [2.18] implies that a. and bo, are both strict odometers.
Proposition 4.5. Let 1 <i<n and ¢ > 0, then
(1) ordy(a;) = dLF 1+
d ifl>1,
1 otherwise.

(2) Orde(bi) =

In particular, the map Zq — ((a;)) defined by m — al* is an isomorphism and each b; has order d.

Proof. (1) It suffices to prove that for all 1 <i <n and all ¢ > 0,

logg(orde(a)) = || 41 (5)

Note that a; =g 1 implies log,;(ordp(a;)) =0forall1 <i <mn. If1 <i<n,thena; =(1,...,1,a;-1)
implies that

log,(orde(a;)) = log,(orde—1(a;—1)).
Since a1 = o(1,...,1,a,) and o has order d, we have
logg(orde(ar)) = logy(orde(af)) + 1
= logy(ordy((an,...,an))) +1
= logy(ords—1(a,)) + 1.
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Thus for all £ > 1,
log,(ordy—1(an)) +1 ifi=1,
logg(ordy—1(a;—1)) otherwise.

log,(ordy(a;)) = {

Furthermore, these recursive identities completely determine ordy(a;) for all ¢ > 0 and all 1 <i < n.
On the other hand, let
f—1
Qi = L J + 1.
n

)

We will show that «y; satisfies the same recursive identities and initial values. First note that for
1< <n,
—1

ap,1 = LiJ +1=0.
n

If 2 <i < n, then

i = [E;iJJrl: [(E_l);(i_l)J+1:04€—1,z‘—1-

Finally,

gy = V_le +1= ([WJ +1) +1=arap+ 1

Thus holds for all # > 0 and 1 < i < n. Therefore

0 —i
log,(orde(a;)) = o = L -

J-i—l.

(2) Let 1 < i < n. If £ < i, then the recursive formulas for b; tell us that b; acts trivially on
T¢, hence that ord,(b;) = 1. Lemma implies that x;(b;) =1 € Z/dZ for all i. Hence the order
of each b; is a multiple of d. On the other hand, note that the elements b¢ satisfy the system of
recursions

$1=1
Tmy1 = (1, o, Lap, 1,00, 1, 2)
l'i:(l,. 1,1’1'_1) ifi£1,m+1,

which are also satisfied by z; = 1. Hence Lemma implies that b¢ = 1 for each 1 < i < n.
Therefore each b; has order exactly d. Hence ord,(b;) = d for all £ > i. ]

4.2. Branching. A closed subgroup G C [Sy]* is called a weakly branch group if G acts transitively
on every level of the tree T;° and G contains an infinite closed normal subgroup K such that
K% C @G, in which case we say that G is weakly branched over K. If K has finite index in G, then
we say that G is a branch group and that G s branched over K. Whenever a subgroup K of G
has the property that K¢ is also a subgroup of G, we say that K branches in G. Weakly branch
and branch groups are an important, natural class of just infinite groups; see Grigorchuk [Gri00],
Bartholdi, Grigorchuk, and Sunik [BGS03], or Nekrashevych [Nek05] (note that some sources say
“regular branch” where we use just “branch”).

We show A is weakly branch in Lemma[4.6] and in in Proposition [£.14 we prove that B is branch
for all but one choice of the defining parameters. This has interesting arithmetic implications; for
example, in Proposition 6.3 we show that the constant field extension of K (f~°°(¢))/K (t) is finite
whenever B is branch.

Lemma 4.6. The group A is weakly branch over A,. Furthermore, A; N {ai)) =1 for1 <i<mn
and Sty A = ((ad) A2,
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Proof. The group A1 is topologically generated by all conjugates of a; with 2 <4 < n. If2 <i<n,
then every A-conjugate of a; = (1,...,1,a;—1) belongs to A hence A; C Ad On the other
hand, Ad is generated by all the A-conjugates of elements of the form (1,...,1,a;,-1,1,...,1) with
2 <i < n where the a;_ 1 can be in any component. These elements are conJugates of a; by powers
of a1, hence belong to .A1 Therefore A1 .Ad Hence A is weakly branch over A

By Proposition it suffices to show that A; N ((a;) =¢ 1 for cach 1 < i < n and for all
£ > 0. We proceed by induction on £. The ¢ = 0 case is trivial, so suppose that £ > 1 and that

A; N (i) =¢_1 1 for each 1 < i < n. Then A, N {(an)) =¢—1 1 and
St1 AN (ar) = (af) = ((an, .- an))

imply that
A0 @) € ALO ((anse 0 € (A 0 (an))? = 1.
Next suppose that 2 < i < n. Observe that a; = (1,...,1,a;,_1) € 1971 x {a;_1)) and
AN (15 x A) 1971 x Ay,
Thus

N

L« -Az— ) (((1,...,1,ai_1)>>

Ai N (a)) € A;in (1CH x A) N {a:))
(1
1970 % (Aim1 N faim1)

N

= 1.

This completes our inductio/r\l. ~ R
The definitions of A and A; imply that A = {(a1)).41. Then by A; C St1 A, Sty AN{a1)) = (a?),
and (1) we have

St14 = (af) AL = (af)A7. m
Lemma [4.6] allows us to construct a useful family of abelian quotients of A.
Proposition 4.7. For each 1 < i < n, there is a continuous surjection n; : A — Zgq such that

ker(n;) = A; and
1 ifi=j,
m(a) = { o

0 otherwise.

Proof. The quotient A/ ﬁz is topologically generated by the image of a;, hence Lemma 2) and
Proposition 4.5/ together imply that A/ A; & ((a;)) = Zq. We define n; : A — Z,4 as the composition

Therefore ker(n;) = A;. Since a; € A; for i # j and the isomorphism {(a;) = Zgq maps a; — 1 by
construction, we conclude that
1 ifi=j,
ni(a;) = { . O

0 otherwise.

The maps n; and x; combine to give all the abelian quotients of A and B, respectively.

Proposition 4.8 (Abelianizations).
(1) The map n: A — Z defined by

n(a) :== (m(a),...,mm(a))

is a surjective homomorphism which induces an isomorphism AP = Zy.
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(2) The map x : B — (Z/dZ)" defined by
x(0) = (xa(b), - -, xa (b))

is a surjective homomorphism which induces an isomorphism B = (Z/dZ)".

Proof. (1) Proposition implies that the generators a; map under 1 to the standard basis in Z,
hence 7 is a surjective homomorphism Since Z[ is abelian, n factors through the abelianization,
and since the a; topologically generate A and ((a;)) = Zq4, the abelianization factors through Z7.
Hence 1 induces an isomorphism A?P = Ly .

(2) If 1 <4 < n, then Lemma implies that the generators b; map under x to the standard
basis in (Z/dZ)™. Thus x is a surjective homomorphism. On the other hand, since B is generated
by the b; which each have order d by Proposition (2), it follows that B2 has order at most d",
hence x induces an isomorphism B* = (Z/dZ)". O

Next we turn to the group B. Our analysis naturally splits along several cases. Consider the

hypotheses,
(Al) w # df2,

As) m > 1and (d,n) # (2,m+1),
)d=2,m>2 and n=m+ 1,
1) d>2,m=1, and w = d/2,
)d=2,m=1,and n > 2,
)
)

We let (A) refer to the assumption (A;),(Asz), or (A3), and let (B) refer to (B;) or (Bz). Note
that these hypotheses exhaust all possible cases with d > 2, 1 < m < n, and 1 < w < d. When
d = 2, we have w = d/2 = 1 by default. Case (D) is exceptional; it corresponds, up to conjugacy,
to the Chebyshev polynomial of degree 2.

According to these cases, we define a subgroup N over which B is regular branch in all cases
except (D). We start by observing that a natural subgroup branches.

Lemma 4.9. The subgroup l/g\myn branches, meaning (lé\myn)d = [3\17m+1 CB.

Proof. The group 31,m+1 is generated by all conjugates of b; = (1,...,1,b;—1) with i # 1,m + 1.
Since o = by € B, it follows that (By,.,)% = Bims1 C B. O

However, the subgroup gm’n is not always finite index, nor is it the maximal normal subgroup
with this property. We define N as an extension of B,, , by cases.

Definition 4.10. Let N’ C B be the closed normal subgroup defined in cases as follows:
(1) If (A), then N is the closed normal subgroup generated by [by,, b,] and Em,n.
(2) If (B) or (C), then NV is the closed normal subgroup generated by By n, [Dm, [bm, bn]], and
[bra, [Brm, bya]]-
(3) If (D), then N is the trivial subgroup.

We determine the quotients B/A in Lemma in particular showing that A has finite index.
In cases (A) and (B), the quotient B/N is induced by a quotient of [Cy4]°°. The failure of this in
case (C) is what distinguishes it from (B). We show that N'* C B in Proposition

Definition 4.11. Let ¢4 : [C4]*° — (Z/dZ)? be the map defined by
$a(9) = (Xm(9): xn(9))-
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If g=0%(g1,.--,94) € [Ca]®®, then let X' : [Cy4]® — Z/dZ be the function defined by
d
X'(g) = Zanfl(gi) € Z/dL.
i=1
Recall that Hg4 is the dth Heisenberg group (see Section . Let ¢p : [Cy4]>® — Hq be the map
defined by

Ua(g) =9 (g), xa(9))-

Lemma 4.12. The maps Y4 and Yp are surjective homomorphisms, and

N = kervpaNB  if (A),
"~ \kerypnB if (B).

Proof. First suppose (A). As the direct product of homomorphisms, 14 is clearly a homomorphism.
The elements b, and b,, are mapped by 14 to generators of (Z/dZ)?, while the other b; are in the
kernel, hence Emm C N. Since (Z/dZ)? is abelian, it follows that [by,,b,] € kert4, and therefore
N C kerts. On the other hand, N clearly has index at most d?> = [B : keriys N B], thus
N =kerv4 NB.

Next suppose (B). Although X’ is not a homomorphism on [Cy]*°, it restricts to one on Stq[Cy]°.
Therefore ¥ p restricts to a homomorphism on Cy = (o) and on St;[Cy]*°. Let g := (¢1,...,94) €
St1[Cqg]>. Since [Cq]>® = Cy x St1[C4]>, to show that ¢ is a homomorphism on [Cy]>, it suffices
to show that

vg(0) ' p(9)¢s(0) = Yr(o"go).
The left hand side simplifies to

Y5(0) " B(9)¥E(0) = o (X' (9), xn(9))0 " = (X'(9) = Xn(9), Xn(9))-
While the right hand side is
d d
VB0~ go) = ¥p(g2, -, 94, 01) = (Zixn_l(gm),xn(o_lga)) = (Zixn_l(gm),xn(g))
i=1 i=1
where
d d
Zanfl(giJrl) = Z(Z + DXn—1(gi+1) — Xn—1(9gi+1)
i=1 i=1
d d
= (Z(Z + 1)Xn71(gi+1)> - (anq(giﬂ))
i=1 =1
=X'(9) — xn(9)-
Therefore ¢p : [C4]*° — Hg is @ homomorphism.

In case (B), we have m = 1, so b,, = by = 0, and b, = (1,...,1,b,—1). The definition of ¥p
implies that ¥p(b,) = (0,1), which, in combination with 1g(c~!) = o, generates Hgq, so ¥p is
surjective. The definition of 15 implies that b; € keryp for all ¢ # m,n, hence By, ,, C keryp.
Observe that

¢B([bM7 bn]) = [0_1? (0’ 1)] = (_17 0)7
which commutes with ¥ g(b,,) = o~ ! and ¥g(b,) = (0,1). Therefore [by,, [bm, bn]] and [by, [bm, bn]]
both belong to ker+p as well. Therefore N' C kervp N B, which is to say there is a surjective
homomorphism B/N — B/(kervp N B) = Hgy.

On the other hand, the definition of A" and Lemma imply there is a surjective homomorphism
Hq — B/N. Hence B/N = Hy and N = keryp N B. O
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Remark. We use this description of N as the intersection of a normal subgroup of [Cy]*° with B
provided by Lemma when analyzing the normalizer of B in Section [5.2] However, this does
not hold in case (C): if N’ is the normal closure of A in [C5]*°, then a calculation shows that A/
has index 2 in N’ N B, whereas N has index 8 in B (see Appendix [A]).

With these, we are now able to show that N has finite index in B,

Lemma 4.13. The quotients B/N are as follows:
(1) If (A), then B/N = (Z/dZ)?,
(2) If (B) or (C), then B/N = Hyg,
(3) If (D), then B~ B/N = D, the pro-2 dihedral group.

Proof. The (A) and (B) cases follow immediately from Lemma In case (C), the definition of
N and Lemma imply there is a surjective homomorphism Hy — B/A. On the other hand,
[B: N]> [B:N]s and a computer calculation (see Appendix [A]) shows that [B: N]y = 8 = |Ha|.
Thus this surjection is an isomorphism.

Finally suppose (D), in which case n = 2 so B = (b1, b2)) and N is trivial. Both b; and bs have
order 2 by Proposition while the identity (b1bo)? = (byba, bob1) implies that bybs is an odometer,
hence ((byby) = Zy. Therefore B2 B/N is isomorphic to the pro-2 dihedral group Do. O

Proposition 4.14. In cases (A), (B), and (C), B is branch over N.

Proof. We proved in Lemma that A has finite index in cases (A), (B), and (C). Hence it
suffices to prove that N4 C B.

Recall that b;; := olbo=. If (A1), then w # d/2 which implies g := [bpi1w,bmi1] € B is
supported in only the wth component. Since m,(g) = [bm, bn] and N = [by,, bn]gmm, we conclude
that N4 C B. R

If (Ag), then m > 1 and 0 = by € By,,. Our assumption that (d,n) # (2, m + 1) implies that
there exists some j such that b,, ; commutes with b,. Therefore

(b, bn] = [brmj, bn] = 1 mod By,

or equivalently [b,,,b,] € B\m,n. This implies that N = B\m,n in case (Ag). Therefore (1) implies
that N4 C B. R

If (A3), then by = (1,0) € By, and both b,,—1 and b,,—; are supported in exactly one coordinate.
Thus

[bm7 bn] = (17 [bm—h bn—l]) = (17 [bm—l,la bn—l]) =1 mod gm,n-
Hence in this case we also have N/ = gmn and therefore N C B.
Next suppose (By): d > 2, w = d/2, and m = 1. Observe that
[brs [, bn]] = [bnab;,l—lbn} = [bnabr:,l—l]bn-

Since w # d — 1, we have [bn,b;}_l] = 1. Therefore, [by,[bm,bn]] = 1. Consider the element
9 = [bm+1ws [brn+1,w, bm+1]] € B. Note that g is supported in at most the wth and dth coordinates.
We have 7,(9) = [bm, [bm,bn]], and 74(g) = [bn, [bm,bn]] = 1. Therefore g is an element of B
supported in a single coordinate with support [by,, [bym,bn]]. Since N is the normal subgroup
generated by By, [bm, [bm, bn]] and [by, [bm, bn]], (1) implies that N C B.

If (Bz), then d =2, m =1, and n > 2. Thus b, = (1,b,—1) and

[bmybn] = [0’, (Lbn—l)] = (bn—hbn—l)a

which clearly commutes with both ¢ and b,. Hence Ng = gmn
Similarly in case (C) where d = 2, m = 2, and n = 3, we have

[b27b3] = (17 [0-7 bQ]) = (17 (070))>
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which commutes with be = (1,0) and b3 = (1,(1,0)). Therefore N' = gmn in this case as well.
Thus (1) implies that N4 C B in cases (Bz) and (C).

In cases (A), (B), and (C) the subgroup N has finite index by Lemma[4.13] Hence B is a regular
branch group in each of those cases. g

4.3. Characterizing the level one stabilizer. We previously observed that St; A € A% and
St; B C B¢ (see the remark before Lemma . In this section we characterize St; A and St B as
subgroups of A% and B?, respectively. In the pre-periodic case, the branching property is essential.

Lemma 4.15. There exists an involution 7 : B/N — B/N uniquely determined by
7(bm) = b, mod N.

Proof. The quotient B/N is generated by by, and b, so any involution exchanging them is unique.

In case (A), observe that B/N = (Z/dZ)? where the generators by, and b, are identified with
(1,0) and (0,1), respectively, and exchanging them is an involution.

If (B) or (C), then B/N = H4 by Lemma under which b, and b, are sent to the g; and
g2 from the presentation of Lemma In Lemma we observed that H,4 has an involution
exchanging g1 and gy, and therefore B/N has an involution exchanging b, and b,,.

If (D), then N' =1 and Lemma implies that B is isomorphic to the pro-2 dihedral group.
There is a unique involution 7 of B satisfying 7(b1) = bs. O

Lemma 4.16. If { < n, then B =, [Cy]’.

Proof. We proceed by induction on £. The base case ¢ = 0 is trivial, so suppose that 0 < £ < n and
the claim is true for £ — 1. Since b; = 1 if and only if £ < ¢, it follows that each b; is supported
in at most one component in py(B) and that St; B =, B%. Our inductive hypothesis implies that
B=¢_1[Cyq]*!, hence

Sty B =, ([C4]"H? = St4[Cy".
Since b; = o, we conclude that B =, [Cy]". O

Proposition 4.17. The level one stabilizer in the periodic case is
St1 A= {(g1.---,9a) € AY: mn(gi) = mn(g;) for all 1 <i,j <n}.

The level one stabilizer in the pre-periodic cases is

st 5 — 4 gt 590) € B xim(93) = Xn(give) for all L<i<n} if (A),
! {(g1,--.,9q4) € B*: 7(g;) = giyw mod N for all 1 <i<n} if (B), (C), or (D).

Proof. First consider the periodic case. Let S C A% be the subgroup defined by
S:={(g1,---+9a) € A% : na(g:) = mal(gy) for all 1 < i, j < n}.
Lemma (3) implies that St; A = (a%)A?. Since a? = (an,...,a,) and A, = ker(n,), we have
St; A € S. On the other hand, if g := (g1,...,94) € S, then Lemma [4.6{2) implies that for each
i we can write g; = a’f;’ h; for some k; € Zy and some h; € A,,. The definition of & implies that
ki = nn(9:) = nn(g;) = k; for all 4, 5. Hence g = acllkl(hl, ..., hq) € St A. Therefore St; A =S.
Next consider the preperiodic case. Suppose (A). Let S € B? be the subgroup defined by

S:={(g1,---,94) € B : xm(9i) = xn(gitw) for all i}.
Ifi# 1,m+1, then
bi € Bimi1 = B%,, C S,
where the equality follows from Lemma Recall that by,+1 = (1,...,1,by,1,...,1,by,) where b,

is in the wth component. Hence b,,11 € S. The group S is closed under conjugation by elements
of B, thus Sty B=B; C S.
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Now suppose that g = (g1,...,94) € S. Consider the element

hi= (hy,... ha) = b9y - pm4) € sty B,

Proposition implies that B/N is abelian, hence
hi—i—w = bich(gi+W)b>r§m (gz) = b%lm(gi+w)b%n(gi+w) = Gitw mod N’

where the second congruence follows from g € S. Thus ¢ = h mod N'¢ and Proposition implies
g € Sty B. Therefore St; B =S8 in case (A).
Next suppose either (B) or (C). Let S C B be the subgroup defined by

S:={(g1,...,94) € B*: 7(g;) = gi1o mod N for all i}.
Since B\mn CN, foranyi#1,m+1,

b; € 81,m+1 = Bd

m,n

cS.
The definition of 7 implies that
b1 = (1,...,1,7(bm), 1,...,1,by) mod N9,

hence that b,+1 € S. The group S is closed under conjugation by B and St; B = l§1, hence
St1BCS.
For the reverse inclusion, suppose that ¢ = (¢1,...,94) € S. Lemma and the presentation
Lemma [2.23| implies that for each g; we have
gi = bIib5 by, by)' mod N,
for some unique 7y, s;,t; € Z/dZ. Since g € S, it follows that
Gitw = T(gi) = L6 by, bn]' mod N
Recall that w = d/2 in cases (B) and (C), hence m;(bm+1,i) = by and m;(bpt1,i4w) = by. For
1 <i<w, let
h; = b:éﬂ,z'biiﬂ,ww [bm+1,i7 bm+1,i+w]ti € B.
Then A is supported in the ith and (i + w)th coordinates and
Wl(h;) - b:ﬁbf{ [bm bn]ti = g; mod N
Tivw(h}) = Blib5i by, by ] = givw mod N.
Let h = (h1,...,hq) := hy---h!, € B. The above congruences imply that g = h mod A%, hence
Proposition implies that g € St; B. Therefore St; B = S.
Finally, suppose (D). Lemma implies that A/ = 1 and B is pro-2 dihedral. Recall that

bso 1= boby. Hence every element of B may be uniquely expressed as b5 o' for some € € Zy and
i € Z/27. Let

S:={(g9:7(9)) € B}.
The stabilizer Sty B is topologically generated by b2, = (boo, b) and baoo = by = (ba, b1), both of
which belong to §. Hence St; B € S. On the other hand,

(o T(b50)) = (b, b55) = b3 € B,

and
(b0, T(bo0)) = (B0, b3 he) = b5 1o € B.
Thus St; B=S. ]

In Proposition we showed that N C B. Since N is a normal subgroup of B, it follows
that N/¢ is also normal in B. We identify the quotients B/N¢ in Lemma the index of N is
essential for our calculation of the orders of finite level truncations of B.
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Lemma 4.18. The quotients B/N® are as follows
(1) If (A), then B/N9 = [Cy)%.
(2) If (B) or (C), then B/IN® = (g) x (B/N)* where o acts on (B/N)¥

o (gla"'vgw)a = (92,---7gw77(gl))-

‘ B dd+1 if (A),
[B: N = {dad/2+1 if (B) or (C).

Hence

Proof. Lemma says B\Lmﬂ = B\m,n while Proposition implies that (B\m,n)d C N%. Hence
B/N d factors through B/B1 m+1 and hence is generated by by = o and by,41. Furthermore,
Sty B/N? C BYN = (B/N)Y.
(1) Suppose (A). Since B/N is abelian, it follows that by,11; and by,11 ; commute modulo B/N@
for all i and j. Thus B/N“ is a quotient of [C4]2. On the other hand, suppose that
Uj(gl, ey Gd) =0 b5 m+1,1" bfn-i—l dr

Then xm(g;) = e;, which by Lemma [4.13(1) implies that these d?*! elements are all distinct in
B/N*®. Therefore B/N® = [Cy]? and [B : N9 = d*™ in case (A).
(2) Suppose (B) or (C'). Proposition (2) implies that ¢7(g1,...,94) € B if and only if

7(9i) = girw mod N for all i. Hence the map o7(g1,...,94) = 07(g1,...,g.) defines a surjective
homomorphism from B onto (o) x (B/N)“ with kernel N, Since |B/N| = d® by Lemma {4.13(2)
and w = d/2 in cases (B) and (C), we conclude that [B: N'¢] = d39/2+1, O

4.4. Semirigidity. The following lemma shows that the generators of A and B satisfy a weak form
of rigidity in the sense of the inverse Galois problem: if our distinguished generators are replaced
by arbitrary conjugates, they still generate the group.

Lemma 4.19. Ifu; € A and v; € B for 1 <1i <n are arbitrary elements, then
A= ((ulalufl, ... ,unanugl»,
B= ((vlblvl_l, o Upbpu B,

Proof. First consider A. Let a} := w;a;u; ' and define A’ := ((a},...,d,)) € A. We claim that
A" = A. The groups A and A’ are both closed, hence it suffices by Proposition to prove that
A" =y A for all £ > 0; we proceed by induction on /.

The base case £ = 0 is immediate since A and A’ are both trivial at level £ = 0. Now suppose
that £ > 1 and A’ =,_; A. Since uAu~' = A for all v € A, we may conjugate everything by ul_l
to assume without loss of generality that a; = @} € A" and u; = 1. Thus it suffices to show that
a; €g A for all 2 <3 < n.

If 1 < i < n, then after potentially replacing aj,; with a conjugate by a power of a}, there is
some element w; € A such that

/ —1 —1
A; 1 = ui+1ai+1ui+1 = (1 e 1 , Wi a; W )
We also have
1d d
al’ =af = (an,...,an).

Let mq : St1 A" — A denote projection onto the dth coordinate. The above observations imply that
ma(St1 A’) is a subgroup of A containing .A-conjugates of each of the a;, hence m4(St; A") =p_1 A
by our inductive hypothesis. Thus for 2 < ¢ < n there exists elements w; € St A’ such that
ma(w) =¢_1 w; Y, hence

a; = (1,...,1,a;-1) =¢ wgagwgfl cA.



34 OPHELIA ADAMS AND TREVOR HYDE

That completes the induction, hence proves that A = (ujaiui?, ..., upanu;b)).

Next consider B. Let b, := v;bv; ! and define B := (b, .. .,b;)) C B. We claim that B’ = B.
The groups B and B’ are both closed, hence it suffices by Proposition to prove that B’ =, B for
all £ > 0; we proceed by induction on £.

The base case ¢ = 0 is again immediate; suppose that ¢ > 1 and B’ =,_; B. Since vBv~! = B
for all v € V, we may conjugate everything by v, 1 to assume without loss of generality that
o="b =b} € B and v; = 1. Thus it suffices to show that b; €, B’ for all 2 <i < n.

If 1 <4 <nandi# m, then after potentially replacing b; ; with a conjugate by a power of o,
there is some element w; € B such that

/ —1 —1
bir1 = viribiriv = (1,..., Liwibw; ).

Similarly after potentially replacing b),,; with a conjugate by a power of o, there are elements
Wy, Wy, € B such that

blmﬂ = vm+1bm+1v;#1 =(1,..., 1,wnbnw;1, 1,..., 1,wmbmw;11).
Conjugating by powers of o gives us all cyclic shifts of these elements in B’. It follows that 74(St; B’)
contains B-conjugates of b; for each 1 < i < n. Thus 74(St1 B') =¢_1 B by our inductive hypothesis.

Ifi#1,m+1 and v € B, then mq(St1 B') =4_1 B implies that there exists a w} € St; B’ such
that mg(w] ) =¢—1 vw,;_,. Hence

wiblw :g (1,...,1,1)[)1;121_1) e B

171 Z

and we conclude that B\17m+1 Cy B'. Observe that

i1 = Um+1bm+1v;z£r1
=(1,..., L, wybyw, L1, .. 1, wibpawy )
— (11, [ bulbas 1y 1, [0 Bialbon)
(11 [ bl Ly L [t o bt

Without loss of generality we may assume that vy, 1 € Bm+1 Since Bm+1 = (E )%, it follows that
W, Wy, € Bm n. Note that [wy,, by,] and [wy,, b, belong to Bm n since Bm n 18 a normal subgroup of B.

Therefore b,,11 € B'. This completes the induction and proves that B = ((Ulbwl s Unbpon b)),
O

Remark. When d = p is prime, the groups A, A, B, B’ from the proof of Lemma [4.19| are pro-p
groups. In that case, A’ = A and B’ = B follow from observing that A’ and B’ surject onto
A% and B, combined with the observation that the Frattini subgroup of a p-group contains the
commutator; semirigidity holds for all pro-p groups. This is the approach taken by Pink when
analyzing the d = 2 case (see [Pinl3c, Lem. 1.3.2]).

We now prove the first main result of this section. This result generalizes the main assertion of
[Pin13c, Thm. 2.4.1] in the case of a periodic critical point.

Theorem 4.20 (Semirigidity of A). If a € [Cy]™ are elements such that a ~ a, in [Cy]™ for
1 <i < n, then there exists an element w € [Cq|™ and elements u; € A such that for each i,

r,o—1 -1
wa;w T = Uua,

In particular, w(a}, ..., a,Hhw=! = A

Proof. For ¢ > 0 let (*;) be the claim,
(x¢): If a) € [Cy]™ are elements such that a] ~y a; in [Cy4]*> for 1 < ¢ < n, then there

exists an element w € [Cy]* and elements u; € A such that wa;w_l =y uiaiu;l for
each 1.
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If (%¢), then Proposition implies that proving (#,) for all £ > 0 furnishes u; and w as in the
statement of the theorem, while Lemma implies that A = (wia1uy?,. .., upasuy ). So it
suffices to verify (%), which we do by induction on ¢. The base case is immediate.

Suppose that ¢ > 1 and that (xy_1) holds.

Simultaneously conjugating all of the a; we may assume without loss of generality that a; = a.
If 2 < i <n, then any conjugate of a; = (1,...,1,a,_1) has a single non-trivial component. Hence
there is an integer j; such that

a’{zalalj 4 (1 1)0“7, 1)

for some element a | € [Cy]>. Proposmonlmphes that a;—1 ~¢—1 a_; in [Cd]"o Let a!! := ay,

so that a; ~p_1 a;’ for all 1 <4 < n. Then (%¢_1) implies there is an element w’' € [Cd] and
elements u; € A such that for each i,

w/a//w -1 = 1uazu' 1
Define w := (ul; tw’, ... v/, w') € [C4]>; note that w commutes with o. Let u; = 1, then
-1 _ -1
wajw™" = wajw

=ow(l,...,1,a,)w!
=o(1,...,1,u, H(wdlw' ")
=y O'(l,...,l,@n)
= ulalufl.

In particular, w commutes with a;.
Next suppose that 2 < i < n. Since u}, 'u, ; € A, Lemma implies there is a v} € St; A such
that m4(v;) = ul; tul_;. Therefore,

w(ajfa'alj Jw = w(l,...,1,ad Hw?
= (1,...,1 un 1w'a;' ow' )
=0 (1,..., 1, ul M) _qaiqu) " jul)
= Uz‘(l, o Laiog)t
= viawi—l

Let u; := al_jivi. Since a1 commutes with w, the above identity is equivalent to

ro—1 _ -1
wa; W =y U,

Then u; € A for all i and wa;w_1 =p ua;u; 1 which completes our induction. O
Next we prove the analog of Theorem for the group B. First, a technical lemma.

Lemma 4.21. If ui,uz € B, then there exists an element v € B and i,j € Z./dZ such that
(1,..., 1, vurbl, 1,..., 1, vusbly,) € B, where the vuibl, term is in the wth component.

Proof. We proceed by cases. First suppose (A). Then (1,...,1,vu1b§;,1,...,1,qub¥ﬁ) € B is
equivalent, by Proposition to

Xn(v) + Xn(ul) +i= Xm(v) + Xm(UZ) + 7

and either

0 if w#d/2.
Either system of equations has a solution for i,j € Z/dZ and v € B.

m(©) + Xim(u1) = {X“”) +xn(u2) ifw=d/2,
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Next suppose (B), (C), or (D). Then (1,...,1,vu1bil,l,...,1,qub]}n) € B is equivalent, by
Proposition to
T(vupb}) = vugb!, mod N. (6)
Let wy := vuy and wy := uf1u2, so that @ becomes
7(w)b:, = 7(wib') = wiwsb?, mod N,
or equivalently,
wir(wy) = wabl 7 mod N

Writing wy = b%,0% [byn, bn]¢ and wy = b7, b3 [by, by]? this expands to
b OB by, ]~ % = BT by, by U mod N
Comparing exponents, we then see that @ is equivalent to the following system of congruences
having a solution for a,b,c,,j in terms of r, s, ¢
a—b=smodd
b—a=r+j—tmodd
—a® —2c=t+s(j — i) mod d.

The first two congruences determine b and are equivalent to ¢ — j = r + s mod d. Hence the system
reduces to solving

a? +2c¢ = (r + s)s —t mod d.

This congruence may be solved by setting a = 0,1 mod d depending on the parity of the right hand
side. In particular, a solution always exists. ]

Theorem 4.22 (Semirigidity of B). If b € [Cq]™ are elements such that b, ~ b; in [Cy4]> for
1 <i < n, then there exists an element w € [Cq|*™ and elements u; € B such that for each i,

wb;uf1 = uibiui_l.
In particular, {(by,..., b)) = wBw™!.
Proof. As in the proof of Theorem by combining Proposition [2.8] and Lemma it suffices
to prove the following proposition for all £ > 0,
(x¢): If U] € [Cy]>° are elements such that b, ~; b; in [Cy]*° for 1 < i < n, then there
exists an element w € [Cy]°> and elements u; € B such that wbiw=! =, uibiui_l.

We proceed by induction on ¢. The base case is trivial; suppose ¢ > 1 and that (xy_1) is true.
Replacing all the b; by a simultaneous conjugation we may assume that by = by = o. If i # 1,m+1,
then b} ~, b; implies there is some integer j; such that

b, = a’(1,...,1,b] )07,
where b/ ; € [C4]*°. Similarly, b/, 41 ~¢ by implies there is some jp, 11 such that
b;n'f'l = ajm+1 (1> R 17 b;; 17 ey 1; b{r;z)g_jm+lv

where b/, b/ € [C4]°° and the b/ is in the wth coordinate. Proposition [2.2| implies that b; ~p_; b
for each 1 < i <n. Thus by (*/—1) we have an element w’ € [Cy4]*™ and elements u, € B such that
for each 1 <1 < n,
w'bfw' ™ =, ugbiu;_l.
Let v € B and i,j € Z/dZ be the elements provided by Lemma associated to u,,ul, € B
such that

Upy1 = (1,..., Loul bl 1., 1,0ul, b)) € B.

n-n’
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Define w := (vw/,...,vw’) € [Cy4]*; note that w commutes with o. Lemma implies that for
i # 1,m + 1 there exists an element v; € Sty B such that 74(v;) = vu;_;. Let u; = 1 and for ¢ # 1
let u; = oiv;. Hence each u; € B
Since w commutes with o and u; = 1, we have
wb'lw_1 == ulblufl.

If i =m+1, then

wb;n+1w_1 = wolm (1., 1,001 1 b Yo Im T
= Ujm“(l, o1 vw'b%w'_lv_l, 1,...,1, vw/b%w’—lv—l)a—jm+1
= olm (1, L oul byl o 1L 1 v, bl e ) g Im
= Ujm+1vm+1bm+111;£,_10_jmﬂ
= um—i—lbm—i—lur_nﬂ_l-
Finally, if ¢ # 1,m + 1, then
wbiw™! =y wodi(1,...,1,b o diw™!
= aji(l, o1 vw'bé’_lw/_lv_l)a_ji
=009 (1,. .., 1 ou)_1biqu) to o
= Ujivibivi_lafji
= uzblufl
That completes our induction, hence our proof. O

Semirigidity allows us to identify Arb f with A or B in the periodic and preperiodic cases,
respectively

Corollary 4.23. Let f € K|[x] be a unicritical PCF polynomial with degree d coprime to char K.
Suppose that f has n distinct finite post-critical points. Let Arb f = {(c1,co,...,¢pn) be as defined
in Section[3.0.

(1) In the periodic case, there exists a w € [Cy]>® and u; € A = A(d,n) such that we;w™! =
uiaiu;I for each 1 <i <n. In particular, wArb fu™! = A.
(2) In the preperiodic case, there exists a w € [Cq|™ and u; € B = B(d,m,n,w) such that

we;w™ ! = uibiui_l for each 1 < i < n. In particular, wArb fw~! = B.

Proof. First consider the periodic case. Proposition [3.15| implies that the generators c¢; satisfy the
same cyclic conjugate recurrences as the a;. Hence Proposition implies ¢; ~ a; in [Cg]™ for
each i. Therefore Theorem yields the conclusion. The preperiodic case is the same, mutatis
mutandis. g

Remark. Recall that ¢; € Arb f is the image of an inertia generator over the point p; = f#(0). If
v € Arb f is any element, then ve;o™! is also an inertia generator over p;. Thus after replacing c;
by the appropriate conjugates, Corollary implies that Arb f = ((c1,co,...,c,)) where the ¢;
are inertia generators and satisfy the recursive identities defining the model groups. Note, however,
that with this choice of generators we typically will not have cicy- - ¢, equal to the standard
odometer.

5. FINITE LEVEL TRUNCATIONS, HAUSDORFF DIMENSION, AND NORMALIZERS

The semirigidity result of the preceding section establishes that Arb f is isomorphic to a model
group A(d,n) or B(d, m,n,w) according to the combinatorics of its critical orbit. In this section we
establish additional properties of the model groups—hence Arb f—including determining the order
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of their finite level truncations, calculating their Hausdorff dimension, and analyzing the structure
of their normalizers in [Cy]*°. The latter is essential to our determination of the constant field
extensions in Section [6l

5.1. Finite level truncations. If K C H C [Cy4]*° are subgroups and ¢ > 0, then we define
[H = K¢ := [pe(H) : pe(K)] = [H Stg[Cq]™ : K St[Ca]™].

Note that [H : K], is a weakly increasing function of ¢ and that [H : K] > [H : K], for all £ > 0.
For K open, [H : K| = limy_,[H : K]y, so the sequence necessarily stabilizes. We say the index of
K stabilizes at k if [H : K|y = [H : K] for all £ > k. In Lemma [5.1| we determine when the index
stabilizes for the subgroups A and N'¢ in B.

Lemma 5.1. The table below shows the index of stabilization for N and N in cases (A), (B), (C).

N N4
(A)| n |m+1
(B)| n n+1
C)|n+1|n+2

Furthermore, [B: Nz =4 and [B: N, = 8.
Proof. Suppose (A). Lemma implies that
N = Bnker(xm) Nker(xn).

From this and Sty[Cy]>° C ker(xy), it follows that Sty 8 C N for all £ > n. Therefore the index
of NV stabilizes at n. The proof of Lemma shows that B/N? is generated by o and by, 1 in
case (A). These elements generate a subgroup of order d*! = [B : N9 at each level £ > m + 1.
Therefore N'¢ stabilizes at m + 1.

Suppose (B). Lemma [4.13]implies that [B : N] = d® and N = ker )z N B. The formulas defining
g only depend on the level n truncation of B, hence St,, B C N. Therefore N stabilizes at level
n and N? stabilizes at level n 4 1.

Finally, suppose (C'). Lemma implies that [B : N] = 8. In this case we do not have a
description of N as the kernel of a homomorphism depending on the y; characters. We check via
computer calculation (see Appendix [A]) that [B: N3 =4 and [B: N9y =8, while [B: Ny =8 =
[B:N]and [B: N%5 =16 = [B : N9. Therefore the index of A stabilizes at level 4 and the index
of N'? stabilizes at level 5. O

Recall that for a subgroup H C [Cy4]>® we write ordy(H) to denote the order of p,(H) C [Cyl".
Note that log, |[Cy]¢| = [¢]4 where
d'—1

0= =1+d+...+d"1
== +d+...+

We will make several uses of the identity [¢+k]q = d*[¢]4+ [k]q in the proof of the next proposition.

Proposition 5.2. Let £ > 0,

(1) In the periodic case, let ¢y and ry be the unique integers such that ¢ = gm—+re and 0 < rp < n.
Then,

loggorde(A) = [lla — d"[gelan + qu-
(2) In the preperiodic case except (D), let 6 :=logy[B : N and € := logy[B : N'¥.
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(a) If (A) or (B) and ¢ > n, then,

[€]a ifl<n

loggord,(B) = {der (e—1D[l—nlg—86l—n+1g+d if{>n.

(b) If (C), then
2t -1 if € < 3,
log, ordy(B) = < 13 if £ =4,
11-274 42 if £ > 4.
(c) If (D), then
loggorde(B) = £ + 1.

Proof. (1) First consider the periodic case. Let cy := log,ords(A) and let v, := log, ordy(Ay,).
Lemma (4.6 implies that A = ((a1)).A% and A = (a,))A,,. Thus by Proposition 4.5 we have
o=+ 152 + 1=+ [£],
ap =dy1 + | 5L + 1.
Eliminating oy gives a recurrence for «, with initial value vy = 0 and

_ _ dye—1+1 ifntt
=dvyy_1+ =1 _ | €=n| _ ’
e e P
Define v, := [(]g — d"*[g¢]a». We show that -y, satisfies the same recurrence as y,. Note that 7, = 0,
so their initial conditions agree. Now suppose ¢ > 0. If n { ¢, then £ — 1 = gmn + r, — 1 where
0<7r,—1<mn. Hence gy_1 = qp and ry_1 = r; — 1. Thus

/

Yo = [fla — d"*[qe]an

=d[l —1]g — d"[gelan + 1

= d([¢ —1]a—d" gelan) + 1
=d([{ —1]g —d"[ge—1]an) +1
=dy,_,+1

Otherwise, n | £sorp=0and {—1=(go—1)n+(n—1). Hence ¢y—1 =q— 1 and rp—1 =n— 1.
Therefore,

/

Yo = [fa — [gelan

= (dlt —1]g+1) — (d"[qe — l]an + 1)

= d([¢ —1]q — d" " ge — 1]an)

=d([{ —1]a — d"[qe-1]an)

= dv)_;.
Therefore, v¢ = 7, for all £ > 0. Note that ¢, = Lﬁj Hence for all £ > 0,
oy = [lla — d"*[qelan + qu-

(2) Next consider the preperiodic case. If ¢ < n, then Lemma implies that B =, [Cy4]".
Hence

log, ordy(B) = log orde([Ca]”) = [(]a-
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Now suppose that ¢ > n. First suppose (A4), (B), or (C). Let 3, := log,ord,(B). Proposition [£.14]
implies that N C B and [B: N] < co. Define
ve :=logg ordy(N),
8¢ :=logy[B : Ny,
e0 := logy[B : NY,.
Then for all £ > 1,
Be=ve+ 0
Be = dye—1 + ey
Eliminating 5, gives the recursion
Ve = dye—1 + ¢ — 0¢.

Suppose either (A) or (B). Lemma implies that 0, = § := [B : N] for all £ > n and
g¢ =¢:=[B: N9 for all £ >n+ 1. Hence the recursion simplifies, for all £ > n + 1, to

Yo =dye-1 +€—90.

From this, a straightforward induction implies for all £ > 1

Yotk = A" + (e — 8) [kl (7)
Since v, = [n]q — 0 we can further simplify this to

Ytk = d*y + (¢ = 6)[Kla
= d*[n]q — d*6 + (¢ — 8)[kla
= [n+kla+ (e = 1)[k]a — 6[k + 1]a.
Setting £ = n + k and regrouping terms we have for ¢ > n + 1,
Ve =[lla+ (e = 1)[l —n]qg — 6[f —n + 1]a.
From £y = vy + 0 and 0y = § when ¢ > n, we conclude that
Br=v+d0=Wa+ (-1l —nla—0[l—n+1g+0.
Now suppose (C'); hence d = 2 and n = 3. Then Lemma implies that 0y, = § = 3 for ¢ > 4;
gg =¢e =4 for £ >5; 63 = 2; and ¢4 = 3. Note that
Y4 =273 +¢€4 — 04 =2(B3 —I3) + €4 — 64 =2([3]2 —2) +3 -3 =10.

Hence

Bs=v1+64=10+3 =13.
If £ > 4, then

Ve = d’)/@fl +e— 61
and a simple induction implies that for all £ > 1,
Vs = 2Pyg + [k]o = 11-2% — 1.

Thus for £ > 4,

Be=r+6=11-2"4 42

Suppose (D). The identity (b1bs)? = (b1bg, bab1) implies that
Ordg(blbz) = 201‘dg_1(blb2).

Since ordg(b1bs) = 1, it follows by induction that ord,(b1bz) = 2¢. Hence py(B) is isomorphic to the
dihedral group of order 2+ = @1, Thus log, ord,(B) = £ + 1 in case (D). O
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Given a subgroup H C [Cy]*, we define the Hausdorff dimension of H to be

log, ordy(H) . log ordy(H)
aus(H) :== 1 =1 - .
Hhaus (H) e log,; ordy([Cq]>) oo [4)a
provided the limit exists.
Corollary 5.3.
(1) In the periodic case,
d—1
NhauS(A) =1- a1

(2) In the preperiodic case,
(a) If (A) or (B) then, using the notation of Proposition [5.9 we have,

e—1 )
I«Lhaus(B) =1+ dn - qn—1°
(b) If (C), then
11
Mhaus(B) = E

(C) If (D)z then ;uhaus(B) =0.
Proof. (1) Consider the periodic case. Using the notation from Proposition [5.2|1), observe that
d"qlan = d" "+ d 4L d

Hence )
fi Fladan _ XA dT(1 - )t d—1
£—00 [é]d - Z;.il d—? - d_l(l — d_l)_l ar —1°
Therefore Proposition [5.2(1) implies
v a—dqdan +q0 d—1
:uhaus(A) - Kliglo [é]d =1 dn —1°

(2) Now consider the preperiodic case.
(2a) Suppose (A) or (B). Note that for any k& > 0,

_ 00 g—k—i
e e adi &

Thus Proposition [5.2)(2a) implies

. o+ (=Dl —n]g—0[fl —n+1]4 e—1 1)
aus(B) = 1 =1 -
fthaus (B) Pareel G + dn qn—1
(2b) Suppose (C'). Then
1127442 12442 11
Hhaus (B) = Jim —— S 20— 1 16
(2¢) Suppose (D). Proposition [5.22b) implies that
(+1
fhaus(B) = lim tl 0. O

{—00 [é]d

The following table combines the results of Proposition Corollary and the index calcu-
lations of Lemma [£.13] and Lemma .18
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1Ogd OI’dg (B) Hhaus (B)
(A) | [Ja+dlt —nla—2[—n+1]g+2 |1-
(B) | [a+ 30 —nla=3[l—n+1]a+3|1— 55—
(C) | 11-24+2 u
(D) | £+1 0

5.2. Normalizers. Let N(A) and N(B) denote the normalizers of A and B, respectively, in [Cy]>.
Some understanding of these normalizers is required for our analysis of the constant field extensions
K ¢/K. For example, in Proposition m we show that N(B)/B has finite exponent except in case
(D), which translates into I?f/K being finite in those cases.

Lemma 5.4.
(1) St1 N(A) € N(A)4 and St; N(B) C N(B)<,
(2) If v € N(B) and b € B, then x,(v™bv) = x¢(b) for each £ > 1,
(3) In cases (B), (C), or (D), for every v € N(B), then there exists an element u € B such
that v™'bv = w~'bu mod N for all b € B.

Proof. (1) Since N(A) is contained in [Cy]*, it preserves the level structure on A. Therefore,
N(A) and its subgroup St; N(A) normalize St; A. Lemma [4.3| implies that m;(St; A) = A for each
1 <i < d, which in turn implies that St; N(B) C N(B)?. The same argument applies to B.

(2) The functions x; are defined on all of [Cy4]* and N(B) C [C4|* by definition. Hence
Xe(v™tbv) = x4 (b) for all v € N(B) and all b € B.

(3) Suppose either (B), (C), or (D). Let v € N(B). Part (2) implies that

0 0 = by [, by]” mod N

v b0 = by b, by} mod N
for some i,j € Z/dZ. Let u = bni b, € B. A straightforward calculation using the identity

bimbn = bbb, by] mod N
implies that v 'b,,v = u b, u mod N and v~ 1b,v = u~'b,u mod N, hence that

v 1w = uw by mod NV
for all b € B. O
Lemma characterizes the action of the normalizer N(.A) on the generators a;.

Lemma 5.5. If w € N(A), then for each 1 < i < n there exists an ¢; € 1 + dZg such that

wlaw ~ ai in A.

Proof. By Proposition [2.8] it suffices to prove the following proposition for all 1 <¢ < n and £ > 0,

(*i0): If w € N(A), then there exists an ¢; € 1+ dZy and a v; € A such that
wla;w =, U[la?vi.
Note that if w € N(A), we may replace w by wa} in order to assume without loss of generality
that w := (wy,...,wq) € St; A C A%, where the last containment follows from Lemma
We proceed by induction to show that (;_1 ¢—1) implies (%;¢) for 1 <4 < nand ¢ > 1, where the
subscripts are interpreted modulo n. First observe that (*; ) holds trivially for each 1 < ¢ < n since
a; =9 1. Now suppose that 2 <i <n, £ > 1, and that (x;_1¢_1) is true. Since a; = (1,...,1,a;-1),
we have

—1 -1
waw = (1,..., L, w; a;i—1wg),
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where wglai_lwd € A. The inductive hypothesis (*;_1—1) implies there is some ¢; € 1 + dZ; and
some vg € A such that

w;lai,lwd =1 v;lafilvd.
Lemma [4.3| provides an element v; € Stq(A) such that m4(v;) = vg. Thus

1

-1 -1 -1 _¢&; -1 _¢&;
waw = (1,..., Lw; ai—1wq) =¢ (1,...,1,v; a;’ jvg) = v; "a;'v;,

hence (%) is true.
Next suppose that (x,¢—1) is true for some ¢ > 1. Then

wladw = (witamwy, . . ., w;lanwd) € Sty (A) C A%

In particular, wflanwl € A and (1) implies that there exists an &1 € 1 + dZy and a v; € A
such that

~1 ~1

Wy AWy =¢—1 V] a5l 01. (8)

On the other hand, if w™tajw := o(uy, ..., uq), then
~1.d
W aTw = (UqUg—1 - - - U2UT, UL UGUG—1 = =~ U, - - ., Ud—] * * * URUTUG)

which implies that

~1

W] ApWi = UgUd—1 - -+ UU] . 9)

Recall that St1(A) = (a?)A? by Lemma [4.6(3). Hence there are ¢; € A, for 1 < i < d and some
k € Z,4 such that

al_lwflalw = (u1,ug,...,ug—1, a;lud) = (c1a, ..., cqan’).
Therefore
m if1<j<d,
u;) = - 10
(1) {m+1 if j = d., (10)

which implies that uqug_1 - - - uguy = a}fdm mod ﬁn Using we see that

—1 €1

—1 _ "
V] AU =g Wy ApW1 = UgUg—1 - - Ul = aiﬁ'dm mod A,,.

Thus a5} =, alt9m.

Now we let v := y1y2y3 where

y1 = (1,a™,a®™, ... ,a%dil)m)
Y2 := (v1,...,01)
ys := (Lt (uour) ™Y oo (ugoy - ugup) ™)
Proposition [4.17] implies that v € Sty A.
We finish the proof by showing w™tajw =, v_laﬁdmv in several steps, starting by conjugating
altim =g(a™, ... a", altm).
by 11 to get
el s = (1™ e (Y (L a a2l
=o(a;™, a;2™, ..., ag(d_l)m, D(a™, ... a™ al™™)(1,a™, a?™, ... ,affl—l)m)
=o(1,...,1,alt4m).

Next, conjugating by ys gives us

(y1y2)—1a%+dm2(

yiy2) =o(l,..., L, v ta, " vy) =0 0(1,. .., 1,wf1anw1).
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Finally conjugating by y3 and using @ we have

vl a0 = (y1yays) T ar T (Y1y2ys)
= (Luy,...,ug—1---uguy)o(l,..., 1,w1_1anw1)(1,u1_1, oy (ugoy - ugup) )
=o(ug,...,uqg_1 - ugui, 1)(1,...,1, wflanwl)(l, ufl, o (ugoy - ugup) 7Y
= o(ur,ug, . .., ug_1, (W] apw)(ug_q - uguy) 1)
=o(up,ug,. .., uj—1,uq)
= wilalw.
This completes the proof of (¥1 ) and hence our induction. U

Lemma allows us to characterize N(A) as a subset of N(A)%.
Lemma 5.6. Let v € N(A)?. Then v € N(A) if and only if v"lasv € A.

Proof. Let v := (v1,...,vq) € N(A)% If 2 <4 < n, then Lemma implies there is some ug € A
and some ¢; € 1 + dZ4 such that

v e =(1,..., 1,v51ai,1vd) =(1,..., 1,u;1afi1ud).
Lemmaimplies there is an element u € Sty A such that 74(u) = ug, hence v"tav = ulaiiu € A
Thus the identity as, = ajas - -a, implies that v € N(A) if and only if v tasv € A. d

Next we prove an analog of Lemma [5.6] for B.

Lemma 5.7. Let v € N(B)?. Then v='bjv € B for i # 1,m + 1. Furthermore, v € N(B) if and
only if v='bv € B fori=1,m + 1.

Proof. In cases (A) or (B), Lemma implies that N' = ker+4 N B or kertpg N B, respectively.
Hence N(B) C [C4]*™ normalizes N. In case (C), Lemma implies that St4(B) € N. The
group N(B) normalizes St4(B) = St4[Cy4]*° N B. We then check via a computer calculation (see
Appendix that N(B) normalizes N/ Sty B. Hence N(B)4 normalizes N in case (C) as well.
In case (D) we have N = 1, hence N(B) trivially normalizes A. Therefore in all cases N(B)¢
normalizes N?. Since gl,mﬂ C N4, we have v 1bv € N4 C Bforall i # 1,m+ 1. Thus v € N(B)
if and only if v=!bv € B for i = 1,m + 1. O

We give a detailed analysis of the constant field extensions for unicritical PCF polynomials in
Section @ In the preperiodic cases, except for case (D), the constant field extensions are always
finite. Mere finiteness can be deduced from Proposition though we obtain far more refined
control over these extensions in Section [5.4l

Proposition 5.8. If (A), (B), or (C), then N(B)/B has a finite exponent.

Proof. Lemma |5.1] implies that St,s B C A. Let ¢ be the exponent of [Cy]" 22 [C4]®/ Sty [Cy]>.
We will show that v® € B for all v € N(B). By Proposition it suffices to show that v* €, B for
all £ > 0 and all v € N(B). We proceed by induction. The case ¢ = 0 is immediate. Suppose that
¢ > 1 and that v® €y_1 B for all v € N(B). Let v € N(B). Note that [o,v] € B, hence for each i

(0'0)® = 0"v° = v° mod B.
Thus we may suppose without loss of generality that v = (v1,...,v4) € St; N(B) C N(B)¢, where
the last containment is Lemma (1) Our inductive hypothesis implies that

v¥ = (v5,...,v5) € B

Thus for each i we have v €y_; B and by the definition of ¢ we have v € St,/[Cy]*°. Hence
v§ €¢_1 St B C N. Therefore v° €, N C B, where the last containment is by Proposition
This completes our induction. O
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5.3. Odometers. Recall the elements ao € A and by, € B defined by
oo = ajaz---ap =0(1,...,1,ana1 - an—1) =0o(1,...,1, anaooagl),

boo = biby by =0(1,...,1,by, 1, 1,by by 1) =0(1,...,1,bn,1,...,1,bosobyb).

In Section |§| we reduce the analysis of constant field extensions K f¢ in Arb f to the problem of
deciding for which € € Z we have as ~¢ a5, in A and bs ~¢ b5, in B. The following proposition
is a crucial step in this reduction.

Proposition 5.9. Let v € [Cy4]*°. Then

(1) v"lasv € A if and only if v € N(A),
(2) v 1boov € B if and only if v € N(B).

Proof. (1) If v € N(A), then clearly v~ tasv € A. For the other direction we prove by induction
on £ > 0 that if v € [Cy]™ is an element such that v™lasv € A, then v €, N(A). The base case
is trivial, so suppose £ > 1 and that the assertion holds for ¢ — 1.

Let v € [C4]* be an element such that v~ tasv €, A. Replacing v by va
v =11, hence v = (v1,...,v4). Then v™'a% v € A and we calculate

vl v = (vit

k

o, we may assume that

anaooafllvl, e Uglanaooaglvd) €, Sty A C A%

Therefore (v;” Yan)ase (v Ya,)~1 €4_1 A for each i, which by our inductive hypothesis implies that
v; €o_1 N(A). Hence v €, N(A)?. Then Lemma [5.6 implies that v €, N(A), which completes our
induction.

(2) The forward direction is immediate. For the reverse direction it suffices by Proposition [2.8[to
prove by induction on £ > 0 that if v € [C,]* is an element such that v~!byv €, B, then v €, N(B).
If ¢ < n, then Lemma implies that B =y [C4]* which renders both assertions immediate. We
now assume that ¢ > n and that the claim holds for ¢ — 1.

Now suppose that v € [C4]* is an element such that v~ 'b.,v €, B. Replacing v by b%_v for some
i, we may assume without loss of generality that v = (vy,...,v4) for some v; € [Cy]*™.

Observe that b% = (boo, - - -, boos bnbooby L, . .., bubooby ). Since v~ 1b% v €, St; B C B¢, we have

v, Lpovi €p_1 Bfor1l <i < w and v;lbglboobnvi €y_1 B for w < 7 < d. Hence the inductive
hypothesis implies that v; €,y N(B) for each i. Thus v €, N(B).

Lemma implies that v='bv €, B for all i # 1,m + 1 and that v €, N(B) if and only if

v lbw € B for i = 1,m + 1. Since by, = by --- b, and v~ tboov €4 B, to prove that v €, N(B), it
suffices to show that v~1bjv = v~tov €; B, or equivalently that
u=(uy,...,uq) = [o,v] € B.

We proceed by comparing u to v’ = (u},...,u}) == 0~ 'v"lbsv, which is in St; B C B%. Note that

u=oc w7 lov = (7w aby - - buw) (v by - - by) Th) = oo o, (11)

Since blo € St; B C B and v €, N(B)¢, we conclude that u €, B%.
Observe that blo = (1,...,1,b;1,1,...,1,b,b}), hence comparing coordinates in we have
: 1% w,d,
u; = ul vt v, i = w,

1 ,—1 -1 ;
ugvy bpbsvg i =d.

First consider case (A). Since v’ = o~} (v"byv) € B, Proposition 4.17(1) implies that y,(u}) =
Xn () for each i. Thus X (u;) = Xn(titw) for i # d. Furthermore,

u

Xm (Ud) = X (uq) + Xm(vglbnb;olvd) = Xn(ug) = 1 = xn(uy,) + Xn(vojlbﬁlvw = Xn(Uw)-
Therefore Proposition 4.17|(1) implies that v €, B This completes our induction in case (A).
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It is still the case that ' € B, so we apply Propo-

Next suppose either (B), (C), or (D).
= uj,, mod N for each i. Thus 7(u;) = ujt, mod N for

sition 4.17|(2) which says that 7(u )
1 # w,d. We calculate that
ul, -l = v beoby, tug
Ug_q Uy, = v;lbnvw.

Then 7(ul,_;---wju,) = uly ;- u, mod N implies that 7(vy1bsoby vg) = v byv, mod V. In
particular,

X (V5 0a) = X (v, Tbooby, vg) — 1 = Xn(vglbnvw) —-1= Xn(vglvw). (12)
To show that [o,v] € B, it only remains to show that 7(u,) = ug mod N'. Observe that

U1+ ULUG = ULy q* u’luiiv;lbnbgolvd = vy vg
Ug_1 - Uy = uly_q - ul v, by o, = vy "L

Hence it suffices to show that

(v, va) = v vy = (v vg) "t mod N,
which, because v vy €, B, is equivalent to (12]). Therefore [o,v] €, B. Hence in any case we have
OASY) N(B) ]

5.4. Power conjugators. In Lemma we showed that co ~ ¢ for any ¢ € 1+ dZy. Here
we introduce a subgroup of elements ¢. € [Cy4]>° which realize these conjugations. We use this
subgroup and its conjugates to determine the structure of the constant field extension K 10

Let v := (1,...,1,bp,...,b,) where the first b, occurs in the (w + 1)th component. Given
e =1+de €1+ dZy where e € Zg, let ae, b, € [C4]*° be the elements defined recursively by

ae = ad(1,a5,,a%, ..., a9 V) (., ... Jac)ar?,
be :=v(1,b5,,b%, ..., b<d ey (b, ... b)v L
Recall that
oo = ajag---ap=0(1,...;1,ana1---an—1) =0o(1,..., 1,anaooa;1),
boo = biby by =0(1,...,1,by,1,... . 1,by by 1) =0(1,...,1,b,,1,...,1,boob;b),
oo =0(1,...,1,¢00).

Lemma 5.10. Let €,e1,60 € 1 + dZy, then
(1) Geaooast = a5, and bobsoct = bE,,
(2) ey ey = teyey and b bey = beyey,
(3) If 0 < £ < oo, then a. €¢ A if and only if ase ~¢ a5, in A, and b. €0 B if and only if
boo ~p b5, in B,
(4) x1(b) = 0 and x,(b:) = (§)e for £ > 1.

Proof. (1) Given € =1+ de € 1 + dZg, let ¢. € [Cg]™ be the element defined recursively by

ee = (1,¢,,c%, ..., 47y, . .. e).
We calculate
CeCoolt = (1,50, C2, .. L cldeg(1,.0 1, Cecool M) (1, ¢35, e3¢, . . Leo(aDey
=0(cS, .-, Cons (CeCooln )Cgo(d—l)e).

On the other hand,

£ _ de __ e e 1+ey e e d—1)e
= cool® =0 (S, ... ) = o (S, ... S, e,
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Hence Lemma implies é-coof ! = 5.
First, the periodic case. Let w € [Cy]®™ be the element defined recursively by
w=al(w,...,w) = (apw,...,a,w).
Note that w commutes with . Then
weeew F =0 (1,..., 1, apwesow tay b).

Since wesow ™! satisfies the same recurrence as ao, we conclude that wesow ™! = aoo by Lemma
Observe that

wéew ™! = ad (1, weS w™ L weldTVew Y (weew™ L wéaw ) ar
=af(1,aS,,...,a V) (wew™, ... ,wégw_l)afd,
hence wé.w™! satisfies the same recurrence as a., implying that wé.w™' = G, by Lemma -
Therefore
000zt = (weew™ M) (wesew ™ M) (wes ™) = wéccoots w T = wef wT = al,.

For the preperiodic case, let w’ € [Cy|*™ be the element defined recursively by
w =o', ... w),
where v = (1,...,1,bp,...,b,) and the first b,, occurs in the (w + 1)th component. Observe that
wesow ™ = (1,...,1,by, ..., bp)o(1, .. L w coow ™) (1, .., 1,00 b Y
=o(1,...,1,by,1,..., 1, wceouw "1 1),

/ /— : : : / ’—
Hence w'coow’™! satisfies the same recurrence as b, implying w'coow’ ™' = by
Observe that

w'ew' ™ = vl w'cw ™ w Ve Y (Wl w e o
e d—1)e a1 ra o, 1—=1y, —1
(1,()O<),...,b£,O ))(wcsw ey W ew T U

Therefore w'é.w' ™! = b, again by Lemma We then calculate

beboob! = (w'écw ™) (W' e 1) (W' ' ™Y = w'éicoods ' Tt = W' w' Tt = b
(2) Let &1 = 1+ de; and g2 = 1 + dey. We calculate
CeyCey = (Lc%, oo 07y G 6 ) (1,2, el (6, )
= (1, caateez  cld-Dleataea)ye o e es).

Note that
€169 = 1 + dey + des + d2€162 =14 d(61 + 5162).

Hence ¢;, ¢., satisfies the same recurrence as ¢, ., and we conclude that ¢, é., = é-,¢,. Conjugating
by w and w' gives S de, e, = e e, and bg,bey = beyey-

(3) The forward direction is an immediate consequence of (2). For the converse direction, suppose
that there exists some g € A such that gasg™' =¢ a5, = G:a00G-"'. Then [g7 ac, a0o] =¢ 1 and
Proposition implies that a. €/ g{{ax)) € A. The same argument, mutatis mutandis, implies
that b. €, B if and only if bao ~p b%_ in B.

(4) By construction we have Xl( :) = 0. If £ > 1, we calculate

1
, ) d o (d
ng (6 be) = (ie + xe-1(be)) = <2>e+d><gl(b€) = <2>e mod d. O

=0
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In Theorem [6.5] we prove that for polynomials f in the preperiodic case, there is a direct corre-
spondence between elements in the Galois group of the constant field extension K;/K and € € Z]

such that i;g € B. Under this correspondence, the following proposition allows us to precisely
determine Gal(K;/K). This is a substantial refinement of Proposition

Proposition 5.11. Let e € 1 + dZy, let 0 < { < oo, and let

d?/ ged(d, w) if (A) and either m > 1 or d odd,
k=1 d?*/ged(d,w +d/2) if (A) and m =1 and d even,
4d if (B) or (C).

Then

(1) aso ~¢ aS, in A if and only if e = 1 mod dl=1/nl+1,
(2) boo ~¢ s in B if and only if ¢ <mn or £ >n and € = 1 mod k.

Proof. (1) Lemma implies that aso ~¢ a5, if and only if a. €, A. A simple induction implies
that a. € A% let a. := (h1,...,hq). Recall that Proposition implies that

St1.A={(g1,...,94) € Al 1 (9i) = nn(g;) for all 4, j}.

Proposition implies that ordy(a,) = dl¥™) hence a. €, A if and only if 1, (h;) = 1,(hj) mod
dl=1/n) for each i and j. The definition of . implies that 7,(h;) = (i — 1)e. Hence in particular
we must have

e = nnp(h2) = nn(h1) = 0 mod dLe=1/n]
This is also clearly sufficient. Therefore ao, ~¢ aZ, in A if and only if € = 1 mod dL(¢=D/nJ+1,

(2) If £ < n, then Lemma implies that B =, [C4]*® and Lemma implies that beo ~¢ b5,
for all e € 1 + dZy.

Suppose that £ > n. Lemma implies that b ~¢ 05, in B if and only if b. €, B. Our
argument above implies that 135 €¢_1 B, hence that l;g €, BY Thus we may use the criteria
provided by Proposition to characterize when b, €, St; B. Note that these criteria are vacuous
for £ < n but impose constraints for all £ > n. Let us write by = (g1,---,94). The definition of be
implies that for all £ > 1,

ie k=1,

ie+ (e k> 1. (13)

Xk(gi) = Xk(bffaga) =tle+ Xk(l;a) = {

Suppose (A). Proposition [4.17(1) implies that b, €, B if and only if x,(g:) = Xn(gitw) for each
i. By , this is equivalent to
ie 4+ xm(bs) = (i + w)e + xn(bs) mod d,
which reduces to
we = Xm(lss) — Xn(lA)g) mod d,
or equivalently
1
d divides {“¢ "7
we + (2)6 m = 1.
If m > 1, this is equivalent to d/ged(d,w) dividing e, hence ¢ = 1 mod d?/ ged(d,w). If m = 1,
then b. €y B is equivalent to d/ ged (d,w + (g)) dividing e. Note that

(d) _ JOmodd ifdodd,
2/ % mod d if d even.
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d d(d if d odd
gcd(d,w—i—()): ged(d, w) 1 04
2 ged(d,w +d/2) if d even.
Therefore if m = 1 and d odd, then b, €, B if and only if ¢ = 1 mod d?/ ged(d,w). If m =1 and d

is even, then b, € B if and only if ¢ = 1 mod d?/ ged(d, w + d/2).
Suppose (B) or (C'). Proposition (2) implies that b, €, B if and only if

7(9:;) = girw mod N

Hence

for each 0 < i < w, or equivalently
(b€ b.) = b, bbbt mod M. (14)
Since boy = by, b, mod N, it follows by a simple induction that for all k € Z,
BE = b8 b (b, b (2) mod AV
Suppose that a,b, c € Z/dZ satisty
be = b2 bL [bp, bn]¢ mod N
We calculate
~(bi5be) = (e bn, b)) (B0 b, b =) mod A

= bﬁi‘i—bb;ﬁf-‘ra[bn, bm]f(i;)fc+(i€)2+bie+ab mod N’

(itw)e

bpbt@)eh b1 = b, (bETIepliteey b 1(757)) (02 68 by, bn]®)br ! mod A

(i+2w)e)

= b%+w)e+abg+w)e+b[bn7 bm]( +cta(itw)et(i+w)eta mod N

Comparing exponents of b, and b, we conclude that we = 0 mod d. Since w = d/2 in cases (B)
and (C), this is equivalent to e being even. Comparing exponents of [by,, b,,] we have

- <Z2€> — ¢+ (ie)? + bie + ab = <(2 +2w)e> +c+a(i+w)e+ (i +w)e+amodd,

which simplifies to
de(de — 2)
8
In case (C) we have d = 2, m = 2, and ¢ = 0. Thus Lemma (4) implies @ = X, (bs) = € =
Xn(bz) = b. Hence reduces to

+2c—ab+a+ (a — b)ie = 0 mod d. (15)

ele—1) = 0 mod 2.

Since e is even, this is equivalent to 4 dividing e. R
Now suppose we are in case (B). Since m = 1, Lemma 4) implies a = xm(b:) = 0 and
b= xn(b:) = (g)e. Furthermore, Lemma implies that

d(d+1)(2d+1)e _ (2d* + 1)de
3 3

d d
2c = 2x’(3€) =2 Z ixn—1(g:) =2 Z i’e + ixn_l(i)g) mod d.
i=1 i=1

Since holds for all ¢, we have

(a —b)e =0 mod d,
de(de — 2)

3 +2¢c—ab+ a =0modd.
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d
<2>62 =0modd

de(de — 2) n (2d* + 1)de
8 3
Since e is even, (g)e = 0 mod d. If 3 does not divide d, then W%l)de = 0mod d. Let ¢ = ¢/2.
Then

Substituting for a, b, ¢ gives us

= 0 mod d. (16)

de(de —2)  de'(de’ — 1)
8
= 0 mod d, which is equivalent to 4 dividing e. If 3 divides d,

0 mod d.

. . . /
Since d is even, this reduces to ‘%e

then is equivalent to
6k = 3¢/ (de’ — 1) + 2e
for some integer k. This implies 3 divides e and 4 divides e. Hence in either case, is equivalent

to 4 dividing e in case (B). Therefore b. €¢ B if and only if 4 divides e, or equivalently, if and only
if ¢ =1 mod 4d. g

6. CONSTANT FIELD EXTENSIONS AND THE OUTER ACTION

In this section we study the constant field extensions K ¢¢/K in iterated pre-image extensions
K(f~°(t))/K(t). We show that for any polynomial f with degree d coprime to char K, the constant
field extension is contained in the pro-d cyclotomic extension K ({4 )/K and is completely encoded
within the structure of Arb f. Then we turn to the case of unicritical polynomials where we can
leverage our analysis of Arb f to precisely determine K #0/K for all £ > 1. In particular, show that

Gal(f( #/K) has a faithful outer action on Arb f which factors through the cyclotomic character.
Applying the results of Section [5] tells us how much farther the action factors.

6.1. Preliminary bounds. First we establish a general upper bound on the constant field exten-
sions of a polynomial.

Proposition 6.1. Let f(x) € K[z] be a polynomial of degree d > 2, and assume that d is coprime
to char K. Then the constant field extension Ky is contained in K((y), and hence Ky C K((ge).

Proof. Our assumption that f is a polynomial and d is coprime to char K implies that f has a
totally tamely ramified fixed point at co. Therefore

K(1/6)(F74t) = K(Ce)(1/64).
Hence
Kpo=K*"NK(f~'(t)) C K=" 0 K(1/0)(f () = K(Cqe)- O

This upper bound on the constant field extension need not be sharp but a result of Hamblen and
Jones [HJ24] shows that it is when f(z) = az? + b has a periodic critical point.

Corollary 6.2. Let f(r) = ax? + b € K[z] where d is coprime to char K and 0 is periodic under
f, then Ky = K((g).
Proof. Hamblen and Jones [HJ24, Thm. 2.1] prove, in this situation, that K ({g~) C K ¢. Therefore
Proposition implies that K ((g~) = K. O
The situation when 0 is strictly preperiodic under f(z) = az® 4 b is quite different. Note that
K(¢q) € Ky for any unicritical polynomial f(z) = az® + b since
_ _py\1/d
K(f71(0) = K (G, (5. (17)

In the preperiodic case we can prove the following coarse finiteness result.
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Proposition 6.3. If f(z) = ax? +b € K|[x] where d is coprime to the characteristic of K and 0 is
strictly preperiodic under f, then Ky is a finite extension of K((q), hence of K, unless d = 2 and
f is conjugate over K to x> — 2, the degree 2 Chebyshev polynomial.

Proof. Recall that Gal(K 7/K) = Arb f/ Arb f. Corollary implies that there is a w € [Cy]*
such that w Arb fw~! = B for the appropriate values of d,m, n,w. Since Arb f is a normal subgroup
of Arb f, it follows that w Arb fw™t C N(B) where N(B) is the normalizer of B in [C4]*. Thus
we have an injective homomorphism Gal([?f/K) — N(B)/B.

On the other hand, Proposition implies that Gal(f(\'f/K) is a quotient of Gal(K ({4~)/K),
which is isomorphic to a finitely generated subgroup of Z;. Proposition implies that N(B)/B
has a finite exponent unless (d, m,n,w) = (2,1,2,1). A finitely generated abelian group with a
finite exponent is finite, therefore Gal(K ¢/K) is finite in all but one case.

If (d,m,n,w) = (2,1,2,1), then f is conjugate over K to a polynomial of the form f(z) = 2> +c¢
such that f2(c) = f(c) and ¢ # 0. The only such polynomial is z? — 2. O

One may extract an explicit degree bound on K ¢/K from the argument in Proposition
however in Theorem we refine this result to an exact determination of K fo/K forall £ > 1.

The finiteness of the constant field extensions shown in Proposition [6.3] stems from the fact that
Arb f is a branch group in each preperiodic case except case (D) (see Proposition . In case
(D) and the periodic case, the group Arb f is not a branch group and the constant field extension
is all or nearly all of the cyclotomic extension K ({4 )/K. This suggests the following question:

Question. Does Arb f being a branch group imply that K ¢/ K is a finite extension for any poly-
nomial f(x)? For any rational function?

As the proof of Proposition [6.3] shows, for an affirmative answer it would suffice to prove that
Arb f regular branch implies N(Arb f)/ Arb f has finite exponent.

6.2. Outer actions and sharper bounds. In this section, we show that the structure of the
constant field extension can be interpreted group-theoretically, in terms of an outer Galois action.
This allows us to refine the results of the preceding subsection and explicitly calculate the constant
field extensions. N

In the preperiodic cases except for (D), Proposition implies that K((q) € Kr¢ C K((ge).
Combining Proposition with the branch cycle lemma (Lemma we give a precise determi-
nation of I?fyg.

Let P C Pk, be a Galois-stable set of points and let K (¢)p/K (t) denote the maximal tamely
ramified extension of K™ (¢) unramified outside of P. As discussed in the proof of Lemma[3.11] the
Galois group of K®P(t)p/K"P(t) is topologically generated by inertia generators over the points
in P. The branch cycle lemma (first appearing in Fried [Fri73]) constrains how Gal(K 10/ K) acts
on these inertia generators. Our proof of the branch cycle lemma generalizes one appearing in
Malle and Matzat [MM99, Thm. 2.6] for Q. In characteristic zero, their proof requires no changes;
tameness allows their argument to be extended into positive characteristic.

Lemma 6.4 (Branch Cycle Lemma). Let K be a field and let P C Pl..., be a Galois-stable set.
Let Xcye : Gal(K®P/K) — Z* be the cyclotomic character defined by

7(¢) = (e

for all v € Gal(K*P/K) and all roots of unity ¢ € K*P. Let b € P and let vy, be a topological
generator for an inertia group over b in Gal(K®P(t)p/K*P(t)). If 7 € Gal(K*P/K) and T €
Gal(K (t)p/K(t)) is any lift, then

FpF T~ vf{by)C(T),
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where the conjugacy takes place in Gal(K*P(t)p/K5P(t)).

Proof. Let 7 € Gal(K*P/K) and let b € P. After a change of coordinates over K, we may assume
for simplicity that b and 7(b) are both finite. Embedding K*°P(t)p into a separable closure of
K*°P((t—b)) we have (by our tameness hypothesis) that K5 (t) p K5P((t—b)) / K*P((t—b)) is generated
by elements (¢ — b)}/™ for all n coprime to char K and that the Galois group of this extension is
topologically generated by a lift of 7. We may assume that these elements are compatible in the
sense that ((t — b)Y/™")™ = (t — b)1/". Let ((,) be primitive nth roots of unity in K such that

Yt — b)Y™ = ¢ (t — b)Y,

Note that , is determined by how it acts on the elements (¢t — b)/™.
The element 77,71 € Gal(K®°P(t)p/K*P(t)) generates an inertia group over 7(b). The element
7 may be extended to a K®°P-isomorphism of completions such that

(t =7 (b)) /™ = 7((t = b)"/).
Replacing v, by a conjugate in Gal(K*P(t)p/K*P(t)), we may assume that

Yoy (t = 7)™ = Cult — 7(D))
for all n. We calculate
Ft Lt — (D)™ = F(t — D)/
= 7ot — )/
_ CT)fcyc(’T)(t _ T(b))l/n
SRATRRGEEIOIRES

Xeye(T)

Since 7,771 and are determined by how they acts on (¢t — 7(b))Y/"
Tr(v)

for all n coprime to

char K, we conclude that 7,71 ~ ’yf(cg)cm in Gal(K®P(t)p/K5P(t)). O

Theorem 6.5. Let K be a field, let 0 < ¢ < oo, and let f(x) € K[x] be a polynomial with degree d
coprime to char K. If T € Gal(K*P/K), then T fizes I?f,g if and only if Yoo ~v¢ ’y?féyc(T) in pIMG f.

Proof. Let Py C IP)}(SEP be the post-critical set of f. Then by assumption Py is a Galois-stable set
of points. Hence we have the following commutative diagram with exact rows:

0 —— Gal(K™P(t)p, / K*P(t)) —— Gal(K (£)p, /K () — Gal(K*?/K) — 0

e | I (18)

0 ——— pe(pIMG f) ———— p¢(pIMG f) — Gal(IA{f,g/K) — 0

Let 7 € Gal(K®P/K). First suppose that 7 fixes K ., hence belongs to the kernel of p. Thus any
lift 7 of 7 acts trivially on p,(pIMG f), which means that 7ys7 ! ~y Yoo in pIMG f. On the other

hand, the branch cycle lemma implies that 7.7 ~ ’yé‘éyc(ﬂ in pIMG f. Therefore s ~y ’yé‘éyc(ﬂ
in pIMG f.

Next suppose that v, ~¢ %(SYC(T) in pIMG f. If 7 is any lift of 7, then the branch cycle
lemma, implies that 77,7 ! ~ fyé(éyc(T) ~¢ Yoo In PIMG f. Let § € pIMG f be an element such
that Tyso™ ' =¢ 07000~ 1. Then [6717,75] =¢ 1. Since f is a polynomial, Proposition and
Proposition together imply that 7 €y §(700)) € PIMG f. The exactness of the bottom row of
implies that p(r) = 1. Hence 7 fixes K f0- O
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Theorem shows that for polynomials, the constant field extension is entirely encoded in the
structure of the geometric profinite iterated monodromy group. As a first illustration of this result
we determine the constant field extension for post-critically infinite polynomials.

Proposition 6.6 (PCI Constant Field). Let f(x) = ax® + b be post-critically infinite. Then
Ko =K((q) for1 <€ < oo.

Proof. In Proposition we showed that Arb f = [C,4]°° when f is post-critically infinite. Propo-
sition implies that Yoo 18 a strict odometer and Lemma implies that yeo ~¢ 75 in [Cq]™

if and only if ¢ = 1 mod d. Therefore Theorem [6.5| implies that K ¢ is the fixed field of K ((ge)
corresponding to the subgroup of Z generated by all e =1 mod d, which is precisely K({y). O

Next we use Theorem [6.5] to determine K s for all 1 < 7 < oo in the periodic case; this also
provides an alternative proof of Corollary [6.2) . Let Xcye,d : Gal(K ({4)/K) — Z denote the pro-d
cyclotomic character of K. Observe that

Gal(K (o) /K (1)) = {7 € Gal(K (Ga=)/K) : Xeyeud(r) = 1 mod x}.

Proposition 6.7 (Periodic Constant Field). Let f(z) = ax® + b and suppose that 0 is periodic
under f with period n. Then K= K(Cye/nj+1) for £ > 1. In particular, Ky = K((g).

Proof. Recall that Arb f = {(c1,...,¢,)) and that coo = c1¢2 - - ¢, is the image of v in Arb f. Let
A = A(d,n). Corollary implies that there exists a w € [Cy4]> and elements u; € A such that
wciw_1 = uiaiu;l

for each 1 < 4 < n. Therefore

weaow t = (ulalufl) e (unanugl).
Note that wesow ™! is a strict odometer in A, hence there exists a v € [C4]°° such that v lagv =
wesow ™t € A. Thus Lemma5.9|implies that v € N(A). Therefore co ~¢ ¢, in Arb f if and only if
Ao ~¢ a5, in A. Proposition implies that as ~¢ aZ, in A if and only if € = 1 mod dL(=D/n+1,
Hence Theorem m implies that K¢y = K(Cgree—1)/nj+1)- ([l

Finally we determine K ¢ in the preperiodic case.

Theorem 6.8 (Preperiodic Constant Field). Let f(z) = ax® + b € K[z] where d is coprime to
the characteristic of K and 0 is strictly preperiodic. Let m < n be the smallest integers such that
f™(b) = f*(b) and let 1 < w < d be such that f™(0) = ¢§f™(0). If (d,m,n,w) # (2,1,2,1) (case
(D)), then

K(Cq) € Ky € K(Gog2)-

More precisely, if 1 < £ < oo, then for £ < n we have IA(N = K({q) and for £ > n we have

K(Ca2) ged(dyw)) if (A) and either m > 1 or d odd,
I?ff _ K(Ca2/ged(dwrdse)) if (A) andm =1 and d even,
’ K (Cad) if (B) or (C),
K (G + ¢ if (D).

Proof. Suppose we are not in case (D) The lower bound on K ¢ comes from . Recall that
Arb f = {lc1,...,¢,) and that coo = c1c2 -+ - ¢, is the image of v, in Arb f. Let B B(d, m,n,w).
Corollary implies that there exists a w € [Cy4]™ and u; € B such that we;w™! = u;b; u, —1 for
each 1 < i < n. Therefore

Weeow t = (ulblufl) e (unbnugl).
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Note that wcsow ™! is a strict odometer in B, hence is conjugate to by := biby---b, in [Cy]*.

Proposition implies that wesew ™! ~ by in N (B). Altogether this implies that coo ~y ¢, in
Arb f if and only if by, ~y b5, in B.

Proposition implies that b ~y b5, in B for all € € 1 + dZg when £ < n, and by, ~¢ b5, in B
for £ > n if and only if ¢ = 1 mod k where

d?/ ged(d,w) if (A) and either m > 1 or d odd,
k=< d*/ged(d,w+d/2) if (A) and m =1 and d even,
4d if (B) or (C).

This translates directly via Theorem [6.5/to the calculations for K ¢ in cases (A), (B), and (C).
In case (D), B is isomorphic to the pro-2 dihedral group (Lemma 4.13). We have by, ~y b5, in
B if and only if ¢ = —1 mod 2¢. Hence in this case K7y = K((ye + C;ll). O

APPENDIX A. COMPUTER CALCULATIONS

We use Laurent Bartholdi’s FR GAP package [Bar24] to verify calculations in case (d,m,n,w) =
(2,2,3,1) (case (C)). The code below calculates the indices [B : N3, [B : N4, and the index

[B: N' N BJs where N is the normal closure of A" in [C5]>°.
LoadPackage ("fr");

# Construct the (discrete) IMG
B := FRGroup("b1=(1,2)", "b2=<1,bl>", "b3=<b3,b2>");
AssignGeneratorVariables (B);

# Branching subgroup

N := NormalClosure(B, [bl, Comm(b2,Comm(b2,b3)), Comm(b3,Comm(b2,b3))]1);

# Level 3 and 4 truncations
B3 := PermGroup(B,3);

N3 := PermGroup(N,3);
B4 := PermGroup(B,4);
N4 := PermGroup(N,4);

# Truncated $[C_2]"4$ via FRGroups to ensure compatibility
C4 := PermGroup (FRGroup("c1=(1,2)", "c2=<1,cl>", "c3=<1,c2>", "c4=<1,c3>") ,4);

# Normalizer of $B_4% in $[C_2]1"4$
NB4 := Normalizer (C4, B4);

# Normal closure of the branching subgroup in $[C_2]74$
Np := NormalClosure (C4,N4);

; # Results

Print("[B:N]_4 = ", Index(B4,N4),"\n",
"[B:N]_3 = ", Index(B3,N3), "\n",
"[B:N’\\cap B]_4 = ", Index(B4,Intersection(Np,B4)),"\n",
"N(B) _4 normalizes N_47 " ,IsNormal (NB4,N4));

REFERENCES

[Ada23] Ophelia M. S. Adams. “A dynamical analogue of Sen’s theorem”. In: Int. Math. Res.
Not. 2023.9 (2023), pp. 7502-7540.



[Ahm+-22]

[AHMO5]
[Bar24]
[BEK21]

[Ben+17]

[Ben+19]

[Ben+25]

[BGS03]
[BNOG]
[BNOS]
[Ejd24]
[Fri73]

[GR71]

[Gri00]
[H1J24]
[Jon13]

[MMO99]
[Nek05]

[Odo85a]
[Odo85b]
[0do8S]

[Pil00]

REFERENCES 55

Faseeh Ahmad, Robert L. Benedetto, Jennifer Cain, Gregory Carroll, and Lily Fang.
“The arithmetic basilica: a quadratic PCF arboreal Galois group”. In: J. Number The-
ory 238 (2022), pp. 842-868.

Wayne Aitken, Farshid Hajir, and Christian Maire. “Finitely ramified iterated exten-
sions”. In: Int. Math. Res. Not. 2005.14 (2005), pp. 855-880.

Laurent Bartholdi. FR, Computations with functionally recursive groups, Version 2.4.13.
https://gap-packages.github.io/fr. GAP package. Jan. 2024.

Irene 1T Bouw, Ozlem Ejder, and Valentijn Karemaker. “Dynamical Belyi maps and
arboreal Galois groups”. In: Manuscr. Math. 165 (2021), pp. 1-34.

Robert L. Benedetto, Xander Faber, Benjamin Hutz, Jamie Juul, and Yu Yasufuku.
“A large arboreal Galois representation for a cubic postcritically finite polynomial”.
In: Res. Number Theory 3 (2017), pp. 1-21.

Robert Benedetto, Patrick Ingram, Rafe Jones, Michelle Manes, Joseph Silverman, and
Thomas Tucker. “Current trends and open problems in arithmetic dynamics”. In: Bull.
Amer. Math. Soc. 56.4 (2019), pp. 611-685.

Robert L. Benedetto, Dragos Ghioca, Jamie Juul, and Thomas J. Tucker. “Special-
izations of iterated Galois groups of PCF rational functions”. In: Math. Ann. (2025),
pp. 1-20.

Laurent Bartholdi, Rostislav I. Grigorchuk, and Zoran Sunik. “Branch groups”. In:
Handbook of Algebra. Vol. 3. Elsevier, 2003, pp. 989-1112.

Laurent Bartholdi and Volodymyr Nekrashevych. “Thurston equivalence of topological
polynomials”. In: Acta Math. 197 (Nov. 2006), pp. 1-51.

Laurent Bartholdi and Volodymyr V. Nekrashevych. “Iterated monodromy groups of
quadratic polynomials, I”. In: Groups Geom. Dyn. 2.3 (2008), pp. 309-336.

Ozlem Ejder. “On the Iterated Monodromy Groups of Quadratic Rational functions
with periodic critical points”. In: arXiv preprint arXiv:2401.14862 (2024).

Michael Fried. “The field of definition of function fields and a problem in the reducibility
of polynomials in two variables”. In: Ill. J. Math. 17.1 (1973), pp. 128-146.

Alexander Grothendieck and Michele Raynaud. Revétements Etales et Groupe Fonda-
mental: Séminaire de Géométrie Algébrique du Bois Marie 1960/61 (SGA 1). Vol. 224.
Lecture Notes in Mathematics. Springer, 1971.

Rostislav 1. Grigorchuk. “Just infinite branch groups”. In: New Horizons in pro-p
Groups. Springer, 2000, pp. 121-179.

Spencer Hamblen and Rafe Jones. “Roots of unity and higher ramification in iterated
extensions”. In: Proc. Amer. Math. Soc. 152 (2024), pp. 4687-4702.

Rafe Jones. “Galois representations from pre-image trees: an arboreal survey”. In: Pub.
Math. Besangon (2013), pp. 107-136.

Gunter Malle and Bernd Heinrich Matzat. Inverse Galois Theory. Springer, 1999.
Volodymyr Nekrashevych. Self-Similar Groups. Vol. 117. American Mathematical So-
ciety, 2005.

Robert W. K. Odoni. “On the prime divisors of the sequence wypy1 = 1+ wy ... wy,”".
In: J. Lond. Math. Soc. 2.1 (1985), pp. 1-11.

Robert W. K. Odoni. “The Galois theory of iterates and composites of polynomials”.
In: Proc. London Math. Soc. 3.3 (1985), pp. 385-414.

Robert W. K. Odoni. “Realising wreath products of cyclic groups as Galois groups”.
In: Mathematika 35.1 (1988), pp. 101-113.

Kevin M. Pilgrim. “Dessins d’enfants and Hubbard trees”. In: Ann. Sci. Ec. Norm.
Supér. 33.5 (2000), pp. 671-693.


https://gap-packages.github.io/fr

56 REFERENCES

[Pinl3a] Richard Pink. “Finiteness and liftability of postcritically finite quadratic morphisms
in arbitrary characteristic”. In: arXiv preprint arXiv:1305.2841 (2013).

[Pin13Db] Richard Pink. “Profinite iterated monodromy groups arising from quadratic morphisms
with infinite postcritical orbits”. In: arXiv preprint arXiv:1309.5804 (2013).
[Pin13c] Richard Pink. “Profinite iterated monodromy groups arising from quadratic polyno-

mials”. In: arXiv preprint arXiv:1307.5678 (2013).
[Sza09] Tamas Szamuely. Galois Groups and Fundamental Groups. Vol. 117. Cambridge uni-
versity press, 2009.

DEPT. OF MATHEMATICS, UNIVERSITY OF ROCHESTER, ROCHESTER, NY, 14620
Email address: ophelia.adams@rochester.edu

DEPT. OF MATHEMATICS AND STATISTICS, VASSAR COLLEGE, POUGHKEEPSIE, NY 12604,
Email address: thyde@vassar.edu



	1. Introduction
	1.1. Results
	1.2. Related work
	1.3. Directions for future work
	1.4. Overview
	1.5. Acknowledgments

	2. Preliminaries
	2.1. Conjugacy in wreath products
	2.2. Iterated wreath products
	2.3. Systems of recurrences
	2.4. Iterated wreath products of cyclic groups
	2.5. Heisenberg group

	3. Profinite iterated monodromy groups
	3.1. Monodromy groups
	3.2. Iterated preimage extensions
	3.3. Self-Similarity
	3.4. Post-critically finite rational functions
	3.5. Choosing paths for polynomials
	3.6. Unicritical polynomials

	4. Model groups and semirigidity
	4.1. Orders of generators
	4.2. Branching
	4.3. Characterizing the level one stabilizer
	4.4. Semirigidity

	5. Finite level truncations, Hausdorff dimension, and normalizers
	5.1. Finite level truncations
	5.2. Normalizers
	5.3. Odometers
	5.4. Power conjugators

	6. Constant field extensions and the outer action
	6.1. Preliminary bounds
	6.2. Outer actions and sharper bounds

	Appendix A. Computer calculations
	References

