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ABSTRACT. We construct d-dimensional substitution sequences for which the
continuous part of the spectrum is generated by measures equal to Lebesgue
measure. A special case is the Rudin-Shapiro substitution sequence. The
construction uses Hadamard matrices in an essential way, so the dimension and
size of a substitution is restricted by the size of the Hadamard matrix defining
it. Each such substitution automatically has a dual substitution, which is
defined by the same Hadamard matrix, and which retains a Lebesgue spectral
component. We also see that random application of our substitutions produces
sequences with a Lebesgue component in their spectrum. Finally, we see that
any d-dimensional substitution with d > 1 can be “unraveled” into lower-
dimensional substitutions which still have Lebesgue spectral components.

1. INTRODUCTION

Substitution sequences and self-similar tilings give mathematical examples of
quasicrystals: objects exhibiting a high degree of order, but not enough to satisfy
the crystallographic restriction. We can study these sequences and tilings from an
ergodic theoretic perspective by looking at the large-scale structure of the objects.
In this perspective, we associate a dynamical system and investigate its ergodic-
ity and mixing properties. We can also study spectral properties by considering
the function space associated to the sequence or tiling dynamical system. In this
method, a function is used to create a spectral measure on the torus that can
be compared to the spectral measures of other functions, and to Lebesgue mea-
sure. The examples given in this paper are the first known nontrivial substitution
sequences in Z<¢ (d > 1) that have a nonsimple Lebesgue spectral component.

In order to arrive at the main result of the paper, we construct a (highly special-
ized) substitution S and consider (X, i) to be the sequence space associated to S.
Writing Hp as the discrete spectrum and Z(f) as the cyclic subspace associated to
a function f € L?(X,u), we will show that:

Theorem. Let (X,Z% pu) be the dynamical system associated to a nonperiodic
7% substitution satisfying (R1), (R2), and (H). Then there exist fi, fo,...fx €
L2(X, ), each with spectral measure equal to Lebesgue measure, so that

L*(X,p)=Hp® Z(f)) ®Z(f2) ® - ® Z(fK).

A fairly old ergodic theory problem is to find a dynamical system (usually a
Z-action) whose continuous spectral component is Lebesgue of a given multiplicity
K > 1. The classical Rudin-Shapiro +1 sequence and its related substitution se-
quence give rise to dynamical systems that have Lebesgue components of multiplic-
ity K = 2 [Q2]. In fact, the “Toeplitz Zy-extensions” in [Le] provide examples for
any even number K. Our construction can be used to create simple d-dimensional
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substitutions (d > 1) giving rise to Lebesgue spectral components of even multi-
plicity (although not for every even number). It is still open whether any given
odd multiplicity can be attained. In particular, the “Banach problem” is still un-
solved: whether there exists a system with simple Lebesgue spectrum (K = 1) in
the orthocomplement of the constants.

In the paradigm where sequences and/or tilings are considered models for the
atomic structure of solids, one finds interest in the correlation measure of the se-
quences. These are closely related to the diffraction image of physical quasicrystals,
explained in plain language in [Se]. We imagine shining x-rays or other rays with an
appropriate wavelength through a configuration of points given by the sequence or
tiling, and collecting the resulting diffraction image. The diffraction image is given
mathematically by a measure which indicates the scattering per unit volume. The
special case of the Rudin-Shapiro sequence is known to factor onto a sequence which
has Lebesgue (totally diffuse) correlation measures. As noted in [HB]: “Amazingly,
though the (Rudin-Shapiro) structure is completely deterministic, its two-point cor-
relations are destroyed systematically so that only a constant diffuse background
remains in (the measure)”. Our construction shows that this can be extended into
higher dimensions. Additional physical motivation comes from the study of Ising
models with nonperiodic order. The use of one-dimensional block substitutions are
used in this context in [He]; higher-dimensional models are a natural next step.

The paper is organized as follows. In Section 2 we set down the notation for Z?
sequences, put the Rudin-Shapiro sequence into the framework of our substitutions,
give the construction of higher-dimensional sequences, and discuss the property
which will cause the substitutions to have Lebesgue spectrum. In Section 3 we
outline the ergodic theory of substitution sequences and explain how our dynamical
systems can be seen as two-point extensions of products of adic transformations.
This will be enough to show that there is a nontrivial discrete part of the spectrum in
addition to the Lebesgue component mentioned above. In Section 4 we outline how
spectral theory can be applied to substitution dynamical systems, and prove that
the spectral type of our systems have in part nonsimple Lebesgue spectrum. We
conclude in Section 5 with a discussion of some related constructions and questions.

The author would like to thank Boris Solomyak for pointing out the fact that symbol
matrices for property-(H) substitutions are known as Hadamard matrices.

2. DEFINITIONS

2.1. Z% sequences. Let A be a finite set, d a positive integer, and consider a
sequence on Z? to be a function 7 : Z? — A. The set of all such sequences is
denoted A%’. From a tiling dynamical systems viewpoint, we may wish to consider
such a sequence as a tiling of R? by determining a coloring on the set A and
considering 7 the tiling of unit square tiles with lowest corners at 7’ € Z? which
are colored by T (7). Using the tiling model allows us access to some of the results
found in [RW, Sol, So2], and we will use these freely.

The translation or shift of T by some k € Z4 is the sequence T — k given by
(T —k)(j) = T(7+ k). We consider T to be nonperiodic if whenever T —k = T,
then & = 0. We say that T is almost periodic if any block B appearing in 7 does
so with bounded gap: there is a radius Rp such that for any 7€ Z<, a copy of B

appears in {T(7+ k), |k| < Rp}, where we denote |k| = max;e1,....af |k}
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One general method for constructing a self-similar sequence is to specify a sub-
stitution rule S sending each letter of A to an I; x Iz X ... x Iz block of letters from
A. The substitution is then iterated and a limiting sequence is obtained, which, if
nonperiodic and almost periodic, will be considered a substitution sequence. It will
be useful to frame a well-known example that is a special case of our construction
in the notation we will be using.

2.2. A famous example: the Rudin-Shapiro substitution sequence. The
Rudin-Shapiro sequence is discussed as a substitution in [Q1, Q2], in another format
in [MN2], with generalizations in [AL, MT], and in numerous other contexts which
differ substantially from our perspective. In the one-dimensional case, the con-
nection to Hadamard matrices is investigated in [AL]. In [Q2], the Rudin-Shapiro
substitution is on the alphabet A = {0, 1,2, 3}, and the substitution assigns:

S(0)=02, S(1)=32, S(2)=01, S(3)=31

so that S2(0) = 0201, S3(0) = 02010232, and so on. A substitution sequence T
is a limiting sequence for §. To establish that this sequence has some Lebesgue
spectrum, a factor of 7 on the alphabet {—1,1} is considered, the factor which is
obtained by assigning 0,1 — 1 and 2,3 — —1. Details of this analysis are found in
[Q2]; our proof of Theorem 4.1 applies to give the same result.

We could instead use the alphabet A = {1,1,2,2}, where 0 — 1,1 — 2,2 — 2
and 3 — 1. In this case the substitution becomes:

S =12, S(2) =12, S@) =12, S() =12

There are three important things to note about this representation. First, a
number now not only underlies two letters in the alphabet, but also indicates in
which position those letters can occur in the substitution. Second, the bar status of
a number (unbarred or barred) tells us whether the symbol will be identified with
1 or -1. Third, considering barred and unbarred to be opposite symbols when they
have the same underlying number, we see that the substitution of a symbol and its
opposite yield opposite blocks. The first and third properties will be utilized in the
sequel; the second is what is used to produce a sequence on {—1,1} which has a
Lebesgue correlation measure.

We should note that in [Q2], the bar notation is also used, but not the same
way: with the alphabet {0, 1,2, 3}, that paper puts 1 = 3 and 0 = 2. Thus the bar
status does not determine whether a symbol will be associated to 1 or —1.

2.3. Our construction of substitution sequences. Fix a dimension d € ZT,
(where ZT = 1,2,...), and lengths l1,1s,...,13 > 1 € Z™T for the substitution. The
location set for the substitution is the d-dimensional array

T = {7= (j1, - Jd),Ji € {0,1,...,1; — 1} for all i = 1, ...,d}.

The array Z¢ has a total of Iy -5 - - -1 = K elements that we number {1,2,..., K} in
some order which we then consider fixed; we denote the number given to 7€ Z¢ as
ny. Define the alphabet A = {1,2,...,K,1,2,..., K}; every letter in A is considered
to have an obvious underlying number which is in 1,2,..., K. We abuse notation
and refer to a number in 1,2, ..., K as both a location in Z¢ and a letter in A. The
bar status of a letter is either unbarred or barred; for e € A we define sgn(e) = —1
if e is barred and sgn(e) = 1 otherwise. Barring can be considered to be an order
two action on letters, blocks, or entire sequences.
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The substitution S is a map from A xZ? into A. For each 7€ 7%, the substitution

S assigns a map we will denote Sy : A — A according to the following restrictions:
(R1) For each e € A, Sy(e) = nj or ;.
(R2) For each e € A, Sj(e) = S5(e€).

Restriction (R1) implies that each letter in A is allowed to appear only in the slot
given by its underlying number, while restriction (R2) implies that opposite letters
are substituted by opposite blocks. Once S has been specified for the unbarred ele-
ments, the barred elements have also been specified. Figure 1 shows a substitution
rule S in the two-dimensional case with I; = Iy = 2, using the conventions that
S(e) is the substitution of e € A over all of 72, and that the origin is at the lower
left corner of each substitution block.

SO - 53 S@- 53 S -1 S@ -1
S - 24 s@—- 24 s@-2h s@ -

FIGURE 1. A substitution with l; = l2 = d = 2 satisfying (R1) and (R2).

We can consider the substitution S as an action on AZ* by assigning, for 7 €
AZ' 7€ 79 and k € T¢ a sequence ST € AZ”, which has at @ = (I1j1 + k1, 1252 +
k2, ...;laja + ka) € Z¢

(1) ST (@) = Sg(T(7)-

Sometimes it will be convenient to consider S™(e), the mth iteration of the
substitution applied to a letter e € A. In this case we will consider S™ : A x
(Z9)™ — A, where (Z9)™ = {7 = (j1,--Ja),ji € {0,1,...,I" — 1} for alli =
1,...,d}. When we write S7"(e) to denote the jth element of the mth substitution
of the element e, it will be understood that 7€ (Z¢)™. We will call S™(e) a level-m
block of type e for the substitution.

Definition 2.1. If S is a substitution defined with restrictions (R1) and (R2)
above, a substitution sequence for S is a nonperiodic, almost periodic sequence
invariant under the action of S* for some positive integer k.

Figure 2 shows part of a substitution sequence for the S from in Figure 1.

2.4. Condition (H). A restriction on substitutions of unbarred elements of A:
(H) For every J'# k € T¢, X 18gn(SH(n))sgn(Sz(n)) = 0.

Condition (H) requires that exactly K /2 unbarred elements have substitutions with

a change in bar status between elements 7" and k. Note that this property forces

at least one /; to be an even number. Furthermore, it is clear that property (H)

extends to the barred elements of A4 as well. Condition (H) is the condition from

which a Hadamard matrix will be seen to arise in subsection 2.5.

The example pictured in Figure 1 has property (H). In the case d = 3 we give
another example of a substitution with property (H). We take l; = l» = I3 = 2, so
that there will be 8 locations in the 2 by 2 by 2 grid for substitution. We number
them as in Figure 3 and assign the substitution according to assignments (2).
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3/4|3|4|3|4|3/4|3|/4|3|4|3/4|3|4
11212 |1|2|1|2|1|2|1|2|1|2|1|2
3/4|3/4|3/4|3/4|3/4|3|4|3|4|3|4
112 (1|2|1|2|1|2|1|2|1|2|1/2|1|2
3/4|3|/4(3/4|3|4|3/4|3|/4|3|4|3/4
12|12 |1|2|1|2|1|2|1|2|1|2|1|2
3|4|3/4|3|4(3|4(3|/4|3|/4|3|4|3|4
1|2 (1/2|1]|2|1|2|1|2|1]|2|1|2|1|2
3|4(3|4|3|4|3|4|3|4(3/4|3|4|3|4
1(2|1(2|1|2|1|2|1|2|1|2|1|2|1|2
3/4|3|4|3|4|3/4|3|/4(3|4|3/4|3/|4
1|2 (1|2 |1]2|1|2|1|2|1]|2|1/2|1|2
3|4(3|4|3|4|3|4|3|4(3/4|3|4|3|4
11212 |1]2|1|2|1]|2|1|2|1|2|1|2
3/4|3|4|3|4|3/4|3|/4(3|4|3/4|3/|4
12 (1/2|1]2|1|2]1]|2|1]2|1|2|1|2

(0.0)

FIGURE 2. Four iterations of the letter 1

FIGURE 3. The numbering chosen for 73 with L = 2.
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Note the substitution can be “seen” by coloring the subcubes black to denote a
barred element and white to denote an unbarred element. In this scenario the
substitution on symbols 2, 3, and 4 yields the nonequivalent half-cubes, the sub-
stitution on symbols 5, 6, and 7 yields the three nonequivalent quarter-cube pairs,
and the last one is a checkerboard.

2.5. Symbol matrices, Hadamard matrices, dual substitutions. We find it
convenient to write the substitution as one-dimensional strings as we see in Equa-
tion 2. Since we have already decided what the underlying numbers will be, we
really only need to keep track of the bar status. Thus the substitution given by
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assignments (2) could be rewritten as the symbol matriz:

+ 4+ + + + + + +
+ + + + - - = -
+ -+ -+ - + -
- -+ + - - + +
®) M=1_ 4+ -+ + - + -
+ - - + + - - +
+ + - - - - + +
-+ + -+ - - 4+

We may choose to consider the symbols + and — to indicate unbarred and barred
elements respectively, or we may choose to consider them as representing +1 or
—1 respectively. The matrix M7 defines a d-dimensional substitution of length L
which we denote by ST and which we call the dual substitution to S.

A Hadamard matrix is a square matrix with entries +1 or —1 for which all
columns are orthogonal. If a substitution satisfies condition (H), then its symbol
matrix M is a Hadamard matrix. Elementary linear algebra shows that the columns
of MT are also orthogonal, and so the dual substitution is also a condition (H)
substitution.

Note that the symbol matrices for the Rudin-Shapiro substitution as given in
Subsection 2.2 and for the substitution pictured in Figure 1 are

+ + + -
(+—>and + + - +
- - + - + +
- + + +

3. ERGODIC THEORY AND THE ADIC REPRESENTATION

3.1. The dynamical system associated to S. Writing AZ to be the set of all
Z%-sequences on A, the action of translation becomes a Z¢ action on AZ°. For
any sequences T and 7' € AZ° with T # T' we write N(T,7") = inf{n >0
such that 7(7) # T'(7) for some |j] = n}, and we define the metric d(7,7") =
exp(—N(T,T")). For T = T’ the distance is defined to be zero. This metric
is similar to those seen in [Q1l, RW], and it can be seen that A2 s compact
in this metric. Considering a block B to be a function from some rectangular
subset of Z¢ into the alphabet A, we can define a cylinder set X(B) as the set
{T € AZ* . B is a subblock of T}. In our metric, these sets form a basis for
the topology. The action of translation is continuous with respect to the metric
topology. Thus we have a topological dynamical system given by (Azd, 7).
Let 7 be a fixed sequence in AZ. We create the closed set

4) X ={To — jfor e Z}.

The set is compact and translation-invariant, and we have a d-dimensional sub-
shift of the space AZ* given by (X,Z%). When 7 is a substitution sequence, the
dynamical system is uniquely ergodic (see [Sol] and references therein): there is a
unique probability measure p which is invariant with respect to the action of Z<.
This measure is the frequency measure in that for any block B and its cylinder set
X (B), we find u(X (B)) is the frequency of occurrence of B in any sequence in X.

Note in particular that the results in [Sol] imply that u(X(B)) = p(X(B)) since




LEBESGUE Z¢ SUBSTITUTION SEQUENCES 7

for any sequence 7 with B at a particular location, the sequence 7 has B at that
same location. A detailed explanation of how the results concerning the frequency
measure in [Sol] apply to the situation of Z? substitution sequences is found in [Fr].

A consequence of the construction technique used here is that if S admits a
substitution sequence (which is by definition a nonperiodic sequence), then it cannot
admit any periodic sequences and (X, Z%, i) is automatically a minimal system (and
S satisfies the primitivity condition given in [Q1, Sol]). We call S a nonperiodic
substitution and (X, Z% u) the dynamical system associated to S.

3.2. Recognizability or the unique composition property. (Primitive) sub-
stitution sequences in one dimension and (primitive) self-similar tilings in any di-
mension have the property that the substitution or inflation rule that defined them
can be “undone” [Mo, So2]. This is the notion of unique composition for tilings
[So2], which is called recognizability [Mo] in the one-dimensional sequence case.

Definition 3.1. A Z? substitution S has the unique composition property if for
every 7 € X, there exists a unique 7' € X and a unique 7 € 7% such that
T=8(T)~7

It is possible to use the tiling model to see that the substitutions in this paper are
primitive and so X has the unique composition property [So2]. Unique composition
implies that for any M € Z¥ there exists a unique 7 € X and 7€ (Z¢)™ such
that T = SM(TM) — 7. That is, T decomposes into level-M blocks in a unique
way. Each level-M block B of T is composed of K level-(M — 1) blocks of T whose
positions inside of B are indexed by Z¢ in the obvious manner. We define functions
Om : X — T% as follows: for T € X, Oy (T) = the location of the level-(M — 1)
block of T containing 0 in its level-M block. Trivially we write 70 = T, so that
O1(T) is the position of T(0) in its level-1 block.

3.3. Factoring onto a product of d odometers. Dynamical systems corre-
sponding to substitution sequences can be seen as extensions over products of
odometers (or adic transformations); we now explain how to see this for our ex-
amples. It is possible to show that the systems in this paper and in [Fr] are in
fact isomorphic to skew products over odometers by pairing with an appropriate
cocycle, but we omit the details and refer the reader to [Fr]. The procedure is fairly
standard and is described in the one-dimensional case in [K, Q1].

Consider the sequence space Ag(i) = {0,1,...,1;— 1}Z+. The adic transformation
is an invertible transformation on A(7), the subspace of all sequences z = {z,,} for
which there is no N such that z,, = 0foralln > N or z, =1; — 1 for all n > N.
For x € A(i), we define n;(z) = min{n : z, < I; — 1}. The odometer or adic
transformation V; : A(i) — A(4) is the invertible map:

0 n < n;(z)
(5) Vi(@)n = zn+1 n=ni(z)
Tn n> 771(5'7)

The odometer is aptly named because it augments the first augmentable element,
resets the previous ones to 0, and leaves the rest alone. Putting the usual product
topology on Ay (i), we can take as a V;-invariant measure v; the measure assigning
1/1; to any cylinder set corresponding to a fixed letter.
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Let o = Ag(1) X Ag(2) X ... x Ag(d), ¥ = A(1) x A(2) X ... x A(d), and vy =
V1 X Va.... X Vq. The map ¥ : (X, u) — (Zo,vs) defined by ¥(T) = {Om(T)}$5-1
can be seen to be a measure-preserving map by considering the measures of cylinder
sets. Fixing k € Z¢ and N € Z™, the cylinder set [k]y C ¥ is the set of all sequences
with £ in the Nth position, and it has measure (1/11) - (1/l) --- (1/1g) = 1/K. We
see that @~ ([k]y) is all of the sequences in X which have the origin somewhere
inside of the level-N block which occupies the kth spot in its level-(N + 1) block,
and the measure of this set is also 1/K.

The mapping ¥ forms a factor map of the dynamical systems (X,Z< u) and
(%,7Z% vs) by intertwining the action of translation by the ith basis vector €; on
X and the adic V; on X, so that U(7T —¢é;) = V;(¥(T)) for all T € X. It is possible
to show that ¥ is an almost two-to-one mapping and that there is a skew product
representation of (X,Z% u) over the odometers. The factor map can be used to
show that the product of adic transformations is the maximal equicontinuous factor
of the system.

4. THE SPECTRAL THEORY OF THE CONSTRUCTION

For 7€ Z%, the unitary operator U7 : L2(X, u) — L*(X, ) is given by U7(f(T)) =
f(T = 17) for all 7€ Z% We can analyze the action of Z% on X by consideration of
the action of U7 on L?(X, ), (a unitary operator on a Hilbert space). Recall that
the spectral coefficients of an L?(X, 1) function are given, for each 7€ Z¢%, by

©) fo = r.0 = [ UTTu)

It is known that these coefficients form a positive definite sequence and that there-
fore there is a unique measure oy on the d-torus (see [Ru]) with:

(7 i = [ oy,

where 27 = zfl - -zgd. For a fixed f € L?(X, ), we consider the cyclic subspace
generated by the closed linear span of f as Z(f) = span{U7(f) : 7€ Z?}. The ac-
tion of U restricted to Z(f) is unitarily equivalent to the action W7 : L?(T%, o) —
L*(T?,0;) given by W7(g(2)) = 27g(%). In the context of one-dimensional dynam-
ical systems, much work has been done; a survey of recent spectral results in this
area with an extensive bibliography appears in [Go].

Any Borel measure ¢ on the torus can be decomposed into at most three mu-
tually singular parts, a discrete part corresponding to purely atomic measure, a
singular continuous part which is nonatomic but singular with respect to Lebesgue
measure, and a part which is absolutely continuous with respect to Lebesgue mea-
sure. Every substitution sequence in Z% has functions whose spectral measures are
purely discrete, and this is due to the underlying product of adic transformations
described above. Some substitution sequences have a mixed spectrum, including
the ones discussed in this paper, those discussed in [Fr] and the “table” in [Ro].
What makes the construction given here particularly interesting is that the contin-
uous part of the spectrum is entirely composed of measures equivalent to Lebesgue.
We describe the two parts of the spectrum next.
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4.1. The discrete spectrum. We refer to a constant & € R? as an eigenvalue of
the action U7 if there is a function f € L?(X, u) for which

(8) U7} = exp(2mi(@- 7)) f

for all 7€ Z<. (Here @-7 denotes the usual dot product in R?.) Tt is not too difficult
to check that the spectral measure of such an eigenfunction f is the atomic measure
supported on exp(2mid) = (exp(2miay), ...,exp(2wiag)) € T¢. Every function with
an atomic spectral measure is in the linear span of the eigenfunctions, which we
denote Hp and call the discrete component of the spectrum. Since the spectral
measures of distinct eigenfunctions are mutually singular, a nontrivial result from
spectral theory is that Hp can be written as a single cyclic subspace.

The discrete component of L?(X, u) for the substitution sequences constructed
in this paper are easily defined in two ways. First, it is well-known that the eigen-
functions for the adic system (3, Z%, us) are easily specified and have eigenvalues
given by @ = (l"ll—i,..., #4), where m; and n; are in 0,1,2,.... Alternatively, one
can refer to [Sol] for an explicit construction of the eigenfunctions using the tiling
model, which shows the same eigenvalue group. Since (X,Z¢% ) is ergodic, each
eigenvalue can have only one normalized eigenfunction, so if g € Hp, then g(7)
depends only on the coding of 7 into ¥¢. We will make use of that fact below.

4.2. The continuous spectrum.

Theorem 4.1. Let (X,7% 1) be the dynamical system associated to a nonperiodic
7.0 substitution satisfying (R1), (R2), and (H). Then there exist fi, fo,...fK €
L2(X, ), each with spectral measure equal to Lebesgue measure, so that

L*(X,pu) =Hp ® Z(f1) ® Z(f2) ® -+ & Z(fk)-

Proof. Suppose e € A and define the indicator function x. € L2(X, u) by x.(7) =1
if 7(0) = e, and 0 otherwise. For any n € {1,2,..., K}, we define the indicator
function Xnun = Xn + Xn, and let f, € L*(X, ) be given by fu(T) = xa(T) —
xn(T) = Sgn(T(ﬁ))XnUﬁ (7)-

First we will show that the spectral measure for f,, is equivalent to Lebesgue
measure. It is clear that f,(0) = 1/K. We must show that for all 7'# 0,

-,

fa() = /X sgn((T = D(0)xnun (T = Dsgn(T(0)) xnua(T)du(T) = 0.

This will show that the spectral measure of f,, is equal to a constant times Lebesgue
measure; multiplication of f, by vK will give exactly Lebesgue measure.

If there is an ¢ for which 7 has j; # 0 mod l;, then x,un(T) and xnun(T — J)
cannot both be nonzero, and automatically we obtain fn(j) =0. If 7has j; =0
mod /; for alli = 1,2, ..., d, then we must appeal to property (H) to obtain fn(j) =0.

We restrict our attention to those 7 € X with 7/(0) and 7 (7) equal to n or fi. For
each M € 1,2, ..., let X(M) be the set of all T such that M is the smallest integer
with 7°(0) and 7(J) in the same level-M block. The set of sequences that have no
such M has measure zero, and 50 [ Xnua(T—=7)Xnun (T)du(T) = 35— m(X (M)).

We need to decompose each X (M) further, specifying exactly where in the level-
M block T(0) is located for each 7 € X (M). Let P(M) be the set of all locations
p'in a level-M block for which: (1) P+ Jis also in the same level-M block, but in a
different level-(M — 1) block, and (2) 7 and 7+ 7 are at n or 7i. Note that P(M) is
independent of the type of level-M block and depends only on the coding into the



10 NATALIE PRIEBE FRANK

odometer space X. For pe P(M) and | € A, write X (I, M, ) to be the set of all
T € X (M) for which 7(0) is at location § in a level-M block of type I. We have
X(M) = Ugep(an) Ujea X (1, M, p), and moreover we have that f, is constant over
X(l,M,p). Tt is clear that u(X (I, M,p)) = C(M,p) is independent of I, and so

P@D=3 > > /X o sgn((T — 7)(0))sgn(7 (0))du(T)

M=0FeP(M)IlcA

=5 S Y sgn(SHAD)sgn(SY 1) u(X (1, M, 7))

M=0FcP(M) €A

=Y > oM, sgn(SpAD)sgn(SF (1))

M=0geP(M) IeA

By property (H), we know that half of the level-M blocks will have a change in bar
status between the level-(M — 1) blocks containing 7/(0) and 7(7), and half will
not. This extends by construction to show that 3, , sgn(SH 1))sgn(S5 (1)) = 0.

To show that Z(f,) L Z(f,) whenever m # n, it suffices to show that for all
7€ 2% we have [y fo(T — 1) fm(T)dpu(T) = 0. This argument mimics the previous
one, except that now we define X (M) to be the set of all 7 with 7(0) = m or m
and 7(7) = n or 7, and setting P(M) and X (I, M, p) accordingly.

Finally we must show that the cyclic subspaces Z(f,) along with Hp generate
L2(X,p). We have that Hp 1 Z(f,) for alln € 1,2, ..., K since they have mutually
singular spectral types, so we need only show that every function in L?(X, u) is in
the above decomposition. It will be sufficient to show that the indicator functions
for a basis for the topology can be written that way. The cylinder sets formed by
the level-M blocks for all M =0,1,2, ... generates the topology.

Note that for any n € {1,..., K}, letting g, = Xxn + Xa, we have that x, =
1/2f, +1/2g, and x5 = —1/2f, + 1/2g,. We know g, is in the discrete spectrum
part because it depends only on the coding of 7 into Xy. So the indicator functions
for all individual letters in any location are in Hp @ Z(f1) ®...® Z(fKk). For e € A,
let x.s(¢) represent the presence of the level-1 block S(e). For any n € {1,2,..., K},
create the function

Ts = 72 3 sgn(SHn) U7,
Fezd

It is not difficult to check that if xg(,)(7) = 1, then fg,,)(7) = 1, and that if
Xsw)(T) = 1, then fg,y(T) = —1. Recalling the definition of O;(7) given in
subsection 3.2, if O;(T) # 0, we see that fs@(T) = 0, and if O(T) = 0 but
T is in the cylinder set for S(m), with m # n, then property (H) applied to the
dual substitution indicates that fs(,)(7T) = 0. Let gs(n) be the indicator function
for the cylinder set given by S(n) U S(71); this is again in Hp because it depends
only on the coding into Xg. Then we get that xsm) = 1/2fsn) + 1/29s(n) and
Xs(m) = —1/2fs(n) + 1/29s(n), which are clearly in Hp © Z(f1) © ... ® Z(fn)-

Now let S™(n) represent the level-M block of type n located at the origin. To
get the indicator function for S (n), build the function

1 o
Fsum =0 D s9n(SF (W)U fuy.

je(zHM
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Defining the discrete spectrum function gsm(,) as the indicator function for the
cylinder set for S (n) USM (7i), we see that Xsm(n) = 1/2fsm () +1/2gsm (), and
XsM(n) = —1/2fsm ) + 1/2gsm (r). O

As a corollary, we can show that the correlation measure of the Z? sequence
sgn(T) given by sgn(T)(7) = sgn(T (7)) is Lebesgue measure for every 7 € X.
The general definition of correlation measure can be found in [Q1] and a discussion
of its relationship to diffraction theory can be found in [BH, Hof] and references
therein. In our situation we see that the correlation measure of sgn(T) is the
measure on the d-torus with coefficients:

© 1D = Jim s S aon(T(R)agn(T(k ~ 1)
k<N

where we are assured of the existence of the limit using arguments such as are found
in [LP, Fr].

Corollary 4.2. The correlation measure of sgn(T) is Lebesgue measure.

Proof. Consider the function F' : X — X given by F = Zle fn, where the f,’s
are as in the proof of Theorem 4.1. Then sgn(7 (7)) = F(T —J), and we have that

1) = Jim_ s 3 PT =BT = (E =) = [ FTF(T = hau(m)
[E|<N

by the pointwise ergodic theorem, since p is the unique ergodic measure. But the
integral is the jth spectral coefficient of F', and so it must be zero. O

5. RELATED CONSTRUCTIONS AND QUESTIONS

5.1. Unraveling substitutions into lower dimensions. In the assignment (2)
of the three-dimensional substitution given in Section 2, we found it convenient
to write the assignment for each letter as a string that was 2° letters long, rather
than attempting to draw the cube 73 with the letters of the substitution inside.
It is immediately clear that writing the substitution in this manner also defines
a one-dimensional, property (H) substitution to which Theorem 4.1 applies. An
interesting thing to note is that although the one-dimensional action is related to
the three-dimensional action, the relationship is complicated. The action of the
shift on the one-dimensional sequence winds its way through the three-dimensional
space in a space-filling fashion. Conversely, the action of the three-dimensional shift
acts on the one-dimensional space in a manner depending on the coding in X.

One could also unravel the substitution from three dimensions down to just
two, perhaps by slicing the cube Z? in half and laying the two pieces next to one
another in Z? to create a 2 by 4 substitution. In general, one should note that any
d-dimensional substitution of length L could be unraveled into an m-dimensional
substitution, for 1 < m < d. Since there are many ways to arrange the elements
of ¢ into m-dimensional arrays, there arise many m-dimensional substitutions
satisfying property (H). In general, it does not seem that their dynamical systems
are isomorphic.
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5.2. Isomorphic Hadamard matrices. It is conjectured that there are Hadamard
matrices of order 0, 2, and 4n, n = 1,2, 3, ..., and the conjecture has been verified
for all n < 107 [VW]. Two Hadamard matrices of the same order are considered iso-
morphic if there is a signed permutation matrix taking one to the other. It is known
that for sizes less than 16, there is only one Hadamard matrix up to isomorphism,
but for sizes 16 and above there seem to be several, and this is an area of active
research. The result in this paper shows that all Hadamard matrices of a given
size produce substitutions with identical spectral decompositions, although they
may not even produce conjugate dynamical systems. What differences can there be
between the dynamical systems arising from isomorphic but nonequal Hadamard
matrices, and can the differences be more substantial between those arising from
nonisomorphic Hadamard matrices?

5.3. Random substitutions. Fix a dimension d and lengths [y, s, ..., 14, and con-
sider the set T'(d, K) of all substitutions of this size defined as in Section 2 and
satisfying property (H). Clearly this is a finite set of substitutions; under mild
conditions it is possible to construct a substitution sequence 7y which is given by
random applications substitutions from this set. Consideration of such random
substitutions in one dimension can be seen in [K]. Following the work in that pa-
per, one sees that the eigenvalues of the dynamical system would remain as before
d-tuples of I;-adic numbers in 7%, and it would seem the proof of Theorem 4.1 could
be adapted to this situation, since the crux of the argument lies in the fact that
property (H) is satisfied on all level-M blocks, which would still be true.

5.4. The direct product question. We saw in Section 3 that (X,Z¢%, p) is a two-
point extension of a direct product of adic transformations. However, it is unknown
whether the system is dominated by a direct product of one-dimensional systems.
That is, it is unknown whether there exist d one-dimensional systems whose direct
product factors onto (X,Z% u). Although it is possible for the construction given
in this paper to produce such a system, we conjecture that many are not factors
of direct products. The system pictured in Figures 1 and 2 would seem to be a
candidate for such a system, as it has in the vertical and horizontal directions a
periodic sequence. While one spectral property of our systems satisfies a condition
on the spectrum of direct products given in [Fi], this does not imply that our system
is a direct product. Further work should be done on this problem, because it is an
open problem in the study of higher-dimensional substitution sequences in general.
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