8. Computations and covering spaces

... it is mecessary, in order to affirm that a manifold
s simply-connected, to study its fundamental group, ...
J. HENRI POINCARE, 1904

We have defined the fundamental group and showed that it is a topological invariant,
that is, homeomorphic spaces have isomorphic fundamental groups. But we have yet to
consider a space whose fundamental group is nontrivial. Two familiar spaces, S* and RP?,
will provide examples.

The method of computation focuses on the properties of the mappings,

w:R — S? d p: S% — RP?
w(r) = cos(27r) + isin(2nr) = 2™ an p(x) = [£x].

These mappings share certain important properties.

DEFINITION 8.1. Let X be a space. A covering space of X is a path-connected space
X and a mapping p: X — X such that, for every x € X, there is an open, path-connected
subset U with x € U for which each path component of p~(U) is homeomorphic to U by
restriction of the mapping p. Such open sets are called elementary neighborhoods.

ey s U
\|
w-1<U>/
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For example, if e’ € S1, then for 0 < € < 7, the open set U = {e!® | 0 —¢ < a < O+¢}
in S' has inverse image under w given by

0 € 0 €
—1 _ o . _
v (U)_UkGZ (27r 27r+k’ 27r+27r+k>'

Since €/2m < 1/2, the intervals in the union are all disjoint. Furthermore, w restricted to
any one of these intervals has an inverse given by a branch of the logarithm. In the case of
the quotient map p: S2 — RP?, for a connected open set V C 52 satisfying V N =V = 0,
we have p(V') open in RP? and p~(p(V)) = V U V. Since the components of p~!(p(V))
are V and —V, it is an elementary neighborhood. For any [+x] € RP?, there is such an
elementary neighborhood containing [4+x] and so p: §% — RP? is a covering space.
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Henceforth we will assume that all spaces are path-connected and locally path-conn-
ected to avoid pathological cases. The most useful property of covering spaces is the ability
to lift paths in X to paths in X while preserving the homotopy relation.

LEMMA 8.2. Let p: X — X be a covering space and %o € X with p(iy) = o € X. If
A:[0,1] — X is any path with A\(0) = x, then there ezists a unique path A [0,1] — X with
A0) =Fg and po X = \.
Proof: Cover X by elementary neighborhoods. If A\([0,1]) C U for some elementary neigh-
borhood, then xg € U and g € p_l(U). It follows that Z( lies in some component Cj of
p~1(U) that is homeomorphic to U via p|c,: Co — U. Let (p|c,) " :U — Cy denote the
inverse of this homeomorphism and let A = (p|c,) ' o A. Then A(0) = (p|c,) " (20) = %o,
since @ is the only point in X corresponding to zo in this component. Finally, p o A=
po(pley) to A=A

If A([0,1]) ¢ U, consider the collection {\=*(U’) C [0,1] | U’, an elementary neighbor-
hood}. This is a cover of [0,1], which is a compact metric space, and so by Lebesgue’s
Lemma we can choose 0 =ty < t; < -+ < t,_1 < t, = 1 with each A\([t;_1,t;]) a subset
of some elementary neighborhood (take t; — t;_1 < ¢, the Lebesgue number). Using the
argument above, lift A on [0,#;]. Then take A(t1) as 2o and A(t1) as &g and lift A to [t1, ts].
Continuing in this manner, we construct A on [0,1] with A(0) = Zo and po X = A.

To show that \ constructed in this manner is unique, we prove a more general result
that implies uniqueness.

LEMMA 8.3. Let p: X — X be a covering space and Y, a connected, locally connected
space. Given two mappings fi, f2:Y — X with po fi = po fa, then the set {y € Y |
fily) = fa(y)} is either empty or all of Y.

Proof: Consider the subset of Y given by B = {y € Y | fi(y) = f2(y)}. We show that
B is both open and closed. If y € cls B, consider x = po fi(y) = po fao(y) and U
an elementary neighborhood containing x. Consider (p o f1)~1(U) N (po f2) 1 (U) which
contains y. Because Y is locally connected, there is an open set W for which y € W C
(po f1)"H(U)N (po f2) 1 (U) with W connected. Then f1(W) and fo(W) are connected

subsets of p~'(U) € X. Since W is open and y € cls B, there is a point z € W with
z € B. Thus f1(z) = fa(z) and f1(W) N fo(W) # 0; therefore, f1(W) and fo(W) must
lie in the same component of p~1(U). Since po fi(y) = po fo(y) and the component in
which we find both fi(y) and f2(y) is homeomorphic to U by the restriction of p, we have
fi(y) = f2(y). Thus y € B and B is closed.

If we let y € B, the argument above shows that the sets fi(WW) and fo(W) lie in the

same component Cy of p~1(U). It follows that, for all w € W,

fr(w) = (pley) ™" opo fi(w) = (pley) ™ o po fa(w) = fa(w)

and so W is contained in B. Thus B is open.
The only subsets of Y that are both open and closed are Y itself and () and so we
have proved the lemma. %

~ Using Lemma 8.3, two lifts of a path A:[0,1] — X which begin at the same point in
X must be the same lift. This is the uniqueness part of Lemma 8.2. &
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Having lifted paths in X to paths in X, we next lift certain homotopies between paths.

LEMMA 8.4. Let p: X — X be a covering space and ng, n1:[0,1] — X be two paths in X
with 1m9(0) = 11(0) = Zo. If pono(1) = 21 = poni(1) and pony =~ pony via a homotopy that
fizes the endpoints of the paths in X, then n1 ~ 1y in X and, in particular, no(1) = n1(1).
Proof: Let H:[0,1] x [0,1] — X be a homotopy between pong and pon;. In this case, we
have, for all s,t € [0, 1],

and H(0,1) = p(io)

H(s,0) =pomny(s)
;1) =pom(s) H(1,t) =pono(l) =pom(l).

H(s

Since [0, 1] x [0, 1] is a compact metric space, when we cover it by the collection {H~1(U) |
U, an elementary neighborhood of X}, we can apply Lebesgue’s Lemma to get 6 > 0 for
which any subset of [0, 1] x [0, 1] of diameter < § lies in some H 1 (U). If we subdivide the
interval [0, 1],

O=s9g<81 < - <S$p1<8Sm=1and O=tg<t1 < - <tp_1<t,=1

so that s; —s;—1 < §/2 and t; —t;_1 < /2, then H maps each subrectangle [s;_1, s;] x
[tj—1,t;] into an elementary neighborhood for all i and j.

To construct the lifting H:[0,1] x [0,1] — X, and show it is a homotopy between 7
and 7y, begin by lifting H on [0, s1] x [0, 1] to X by using H = (ple,, )"t o H, where Cy; is
the component of p~1(U;;) containing 1(0) and H ([0, s1] x [0,%1]) C Uy, an elementary
neighborhood. Having done this, extend H next to [s1,ss] % [0,#1]. Notice that H has
been defined on the line segment {s1} x [0, ¢1] which is connected and this determines the
component of p~1(Usy) for the elementary neighborhood Us; which contains H([sy, sa] X
[0,%1]). Once the component, say Csi, is determined, extend Hby H = (pley, )"t o H.
Continue in this manner until H is defined on [0,1] x [0,#1]. Next, extend to [0, 1] x [t1, t2]
using the fact that the value of H has been determined on each succesive subrectangle
along the left and bottom edges, as a connected subset. Continue along each row until H
is defined on [0, 1] x [0,1]. By Lemma 8.3, H is unique fulfilling the condition H (0,0) =
n(0). Since no(s) is also a lift of H(s,0), we have that H(s,0) = no(s). The condition
H(0,t) = pony(0) implies that H(0,t) = 19(0), that is, the homotopy H is constant
on the subset {0} x [0,1]. Thus, the lift H(s,1) of the path p o ni(s) in X begins at
n0(0) = 11(0), and 7, (s) is also such a lift. By uniqueness, H(s,1) = n;(s). Finally,
H(1,t) = pony(l) = pomn(l) for all t € [0,1], H(1,t) = n(1) and we conclude that
no(1) = 01 (1) since H(1,t) is constant. &

Uniqueness of liftings of homotopies provides considerable control over the fundamen-
tal group through a covering space, giving us a toehold for computation.
COROLLARY 8.5. Suppose p: X — X is a covering space: (1) If n:[0,1] — X is a loop
at To and p o n is homotopic to the constant loop cg, for xo = p(To), then n ~ cz,. (2)
The induced homomorphism p.: w1 (X, %) — m1(X, xo) is injective. (3) For all x € X, the
subsets p~t({x}) of X have the same cardinality.
Proof: (1) One lift of ¢, is simply the constant path ¢z,. By Lemma 8.4 pon ~ pocz, = ¢y,
implies n ~ cz,.



(2) If p.([A]) = p«([1]), then, because p, is a homomorphism, p.([\] * [#71]) = [cs,], that
is, po (A x pu™1) ~ ¢y By (1) A% u=t =~ ¢z, or A > pu, that is, [\] = [u].

(3) Suppose xg and z7 are in X and A:[0,1] — X is a path joining ¢ to z1. Suppose
y € p~'({zo}). We define a mapping A: p~* ({zo}) — p~' ({z1}) by lifting A to Ay: [0,1] —
X with A\, (0) = y. Define A(y) = \,(1). Since ), is uniquely determined by being a lift
of poX, = X with A\, (0) = y, the function A is well-defined. By Lemma 8.3, lifts of A
beginning at different elements in p~!({z¢}) must end at different points in p~*({z1}) and
so A is injective. Using lifts of A™! we deduce that A is surjective.(Notice that a different
choice of A\ might give a different one-one correspondence A.) &

For w:R — S, w(r) = 2™ we find that w™1(1 4 0i) = Z C R and so w™!({z}) is
countably infinite for each z € S'. For p: S — RP?, p~!({[£x0]}) contains two elements,
xo and —xg. In general, if we lift a loop w:[0,1] — X at xg in X, the proof of (3) of
Corollary 8.5 obtains a mapping Q: p~*({zo}) — p~1({zo}) by lifting the loop. By remark
(1) of the corollary, if €2 is nontrivial, then the loop w is not homotopic to the constant
map. This observation is enough to prove the following.

THEOREM 8.6. A. 7,(S') = Z. B. 7, (RP?) = Z/27Z.

Proof of A: If 3:[0,1] — S! is any loop at 1 € S, then the lift of 3 to 3: [0,1] — R
satisfies 3(1) € Z. The properties of liftings determine a function Z: m; (S') — Z given by
[8] — B(1).

Let a:[0,1] — S* given by a(t) = (cos(2nt),sin(27t)). Since a = w1}, we see that
one lift of a to R is just the identity and &(1) = 1. It follows that « is not homotopic to the
constant map at 1, ¢;. Next consider a” for n € Z, given by o™ (t) = (cos(27nt), sin(27nt)).
By the same argument for o, @"(1) = n and so the mapping =: 71 (S!) — Z is surjective.
Since each a™ % ¢; for n # 0, the subgroup generated by [«/], isomorphic to Z, is a subgroup
of 1 (Sl)

To finish the proof of A, we show that if 3 is any loop based at 1 in S, then 8 ~ o
for some n € Z. Let Uy = {(x,y) € S* |y > —1/10}, and Uy = {(z,y) € S' | y < 1/10}.
The pair S71(U;), 371(Us) is an open cover of [0,1] and by Lebesgue’s Lemma we can
subdivide [0,1] as 0 =to <t1 < ... < tm_1 <ty = 1 so that

Z) ﬁ([ti,tﬂ_l]) C U; or ﬁ([ti,ti+1]> CU;for0<i<m.
Form the union of consecutive subintervals when both are mapped to the same U; j = 1
or 2. In detail, let so = 0 and sy = ¢;, where §([0,¢;,] C Uj, for j; is one of 1 or 2 and
ﬁ([ti17ti1+1]> ¢ Uj1' Let Uj2 % Uj1 and ﬁ([tilvtil—i—l]) C UjQ. Then let s9 = tz‘2 where
B([ti,, ti,]) C Uj, but B([ti,, tis+1]) € Uj,. Continue in this manner to get

O=s9<81 < - <sSp_1<sp=1

so that
i) B([sj—1,s;]) and B([sj, s;j+1]) are not both contained in the same Uy, for k =1, 2.

Let f3;:[0,1] — S* denote the reparametrization of Blis;,s,.1] 50 that B =~ BoxBr*.. .01,
and each [3; is a path in exactly one of U; or Uy. Furthermore, 3(s;) € Uy NUs, a subspace
of two components, one of which contains 1 = €2™° and the other —1 = e™. For 0 < j < m
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choose a path /\jt [0, 1] — U1 N U2 with /\](0) = B(Sj) = ﬁj,1(8j> and )\]<1) =1or —1,
depending on the component. Define

Y1 =PBo* A1
yj:)\j_fl*ﬁj_l*)\j forl<j<k

Ve = )\];_11 * kal-

By canceling A; * )\]._1, B >~ 1 % Y2 * ... % ;. Consider the paths vx. If 7 is a closed
path, it lies in U; or Uy which are simply-connected and so v =~ ¢y or 7% =~ c_y. If
vk is not closed, then it crosses between the components of Uy N Us. It follows that
i ~ 7t or 4y ~ nE! where 1, (t) = (cos(t), sin(nt)), the path joining 1 to —1 in Uy, and
n2(t) = (cos(mt+7), sin(wt + 7)), the path joining —1 to 1 in Us. Making the cancellations
of the type 771771_1 ~ ¢1 or 772772_1 ~ c¢_1, we are left with three possibilities:
1, -1, -1 -1, -1
Borer, [Boxmukmnsn xngk... ok xng, OF o2, i)~ kny = %... %0y *1
after cancelling out c41. The ordering is determined by the fact that 3 begins and ends at
1, and each vy either joins 1 to —1, joins —1 to 1, or it simply stays put. After cancellation
of the paths that stay put or products of paths that are homotopic to the constant path,
we are left with such a product in that order. Finally, w|j1] = oo >~ 71 * 12 and so 3 ~ "
for some n € Z. &
a

a

Proof of B: Consider the model of the projective plane given by the di-gon, a disk with
a point on the boundary identified with the point symmetric with respect to the origin.
Let 2o € RP? be the point 2 = [£(1,0,0)]. Let p: > — RP? denote the covering space
p(x) = [£x]. Let the loop a in RP? denote half of the equator, and lift a to S?. We get a
path a from (1,0,0) to (—1,0,0) along the equator of S2. By Corollary 8.5, a % ¢,,. In the
di-gon representation of RP?, a % a = a? surrounds the disk, and so a? can be contracted
to ¢z, by shrinking to the center of the disk and translating over to z(. It follows that
71 (RP?) contains Z/2Z. To finish, we need show that any loop at z( is homotopic to a”
for some n € Z. Using the di-gon we see that away from the image of the path a? a path
lies in the contractible interior of a disk. The disk can be used to push any loop onto a
as often as it crosses between the copies of 3. Thus we see that any loop based at xg is
homotopic to a™ for some n € Z and so homotopic to a or c¢;,. This implies that

1 (RP?) = ([a])/([a]* = [ca,]) = Z/2Z.

This completes the proof of Theorem 8.6. &



Covering spaces can be developed much further. We refer the reader to [Massey] or
[Lima] for thorough treatments. Let’s turn now to applications. We first return to the
central question of the text:

INVARIANCE OF DIMENSION FOR (2,n): Forn # 2, R™ and R* are not homeomorphic.

Proof: We assume that n > 2 since the case of n = 1 is covered in Chapter 5. If R" &
R?, then, by composing with a translation if needed, we can choose a homeomorphism
f:R™ — R? for which f(0) = (0,0). Such a mapping induces a homeomorphism R" —
{0} = R* — {(0,0)}. Since S"! is a deformation retract of R™ — {0}, by Theorem 7.10,
71 (R" — {0}) = 71 (S™1). For n > 2, Corollary 7.13 states that m;(S™"™1) = {e}, while,
for n = 2, m1(S1) = Z. Since the fundamental group is a topological invariant, it must be
the case that n = 2. &

This argument is characteristic of the power of introducing algebraic structures as
topological invariants of spaces. Our goal in later chapters is to generalize these ideas.

Recall the somewhat unexpected topological property introduced in the exercises of
Chapter 2: A space X has the fized point property (FPP) if any continuous mapping
f: X — X has a fixed point, that is, there exists a point zo € X with f(z¢) = zo. By
the Intermediate Value Theorem we can prove that the interval [0, 1] has the FPP: if
f:10,1] — [0,1] is continuous, then define g(z) = f(z) — z:[0,1] — R. If f(0) # 0 and
f(1) # 1, then g(0) > 0 and ¢g(1) < 0 and so g must take the value 0 somewhere. If
g(x) =0, then f(z) = x.

What is the generalization of the space [0, 1] to higher dimensions? Candidates include
[0,1] x [0, 1] in dimension 2 or maybe the two-disk e? = {x € R? | ||x|| <1} = cls B(0,1).
The choice between these two candidates is irrelevant since the fixed point property is a
topological property and they are homeomorphic. (Can you prove it?) We generalize the
fixed point property for the interval [0, 1] to the two-disk.

THEOREM 8.7. (BROUWER’S THEOREM IN DIMENSION 2). The two-disk €2 = {x € R? |
x| <1} C R? has the fized point property.

Proof: Suppose f:e? — e? is a continuous function without a fixed point. Then for each

x € €2, f(x) # x. Define g:e? — S! by

g(x) = intersection of the ray from f(x) to x with S*.

g(x)
X

To see that g(x) is continuous on €2, we apply some vector geometry: write Q = f(x),

Z = g(x). Let O = (0,0) and define X = (x—Q)/||x — Q||. Then, g(x) =2 =Q +tX for
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some t > 0 for which Q +tX € S!, that is, (Q +tX) - (Q +tX) = 1. This condition can
be rewritten to solve for ¢, namely,

(Q+tX)- (Q+tX)=t*(X - X)+2t(Q-X)+Q-Q=1.

The quadratic formula gives

x=-Q X+V(@Q X)?+1-Q-Q

g, X ) oL XS N
= /) Hx—f(x)||+\/<f() ||X—f(X)||) L1 f0).

Note that this choice of signs gives tx > 0 and tx = 0 implies f(x) = x. Since we have
assumed that this doesn’t happen, tx > 0. Furthermore, tx is a continuous function of x.
We can write g(x) explicitly as

and so g(x) is continuous.

By the definition of the mapping g, if x € S C €2, then g(x) = x. We have
constructed a continuous mapping g: e? — S! for which g o i = idg1, that is, the identity
mapping on S' can be factored:

idg: St s e2 25 g1,
This composite leads to a composite of group homomorphisms and fundamental groups:
id: 71 (S1) 5 71 (€2) 25 7y (S1).

However, m1(€?) = {[c1]} and so g, oi.([a]) = [c1] # [a] and g« 0 i, # id, a contradiction.
Therefore, a continuous function f:e? — e? without fixed points is not possible. &

COROLLARY 8.8. S! is not a retract of €.

More powerful tools will be developed in later chapters to prove a generalization of
Theorem 8.7 and its corollary. Brouwer proved this general result around 1911 [11].

We next apply the fact that 7 (RP?) 2 Z/27Z. Recall that RP? is the space of lines
through the origin in R®. The lower dimensional analogue is the space RP' consisting of
lines through the origin in R?%. We can identify a line with the angle it makes with the
z-axis. To obtain every line through the origin, we only need angles 0 < § < 7 where
the z-axis is identified with the angles 0 and . Hence RP' 2 [0,7]/(0 ~ 7) = S'. Thus
m (RPl) >~ 7. The analogue of the covering map p: S? — RP? in this case is p: S* — RP!
given by > 0 — [£e27]. In fact, p,: m (S*) — 71 (RP') is described as a homomorphism
Z — Z given by multiplication by two, because the generator [« wraps around RP?! twice.
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In Chapter 5 we proved that a continuous mapping f: S! — R must send some point
and its negative to the same value, that is, there is always a point xop € St with f(x¢) =
f(—=z0). We can generalize that result to S2.

THEOREM 8.9. If f: 5% — R? is a continuous function, then there exists a point x € S2
with f(x) = f(—x).
We proceed by proving an associated result.

PROPOSITION 8.10. (THE BORSUK-ULAM THEOREM FOR n = 2.) There does not exist a
continuous function f:S? — St that satisfies f(—x) = —f(x) for all x € S2.

Proof of the Borsuk-Ulam theorem: Assume such a function exists. The condition satisfied
by f can be written f(£x) = +f(x). It follows that f induces f:RP? — RP' and f fits
into a diagram:

52 i) Sl

lp lﬁ for Whichg_)of:fop.
RP? — RP.
!

Consider the induced homomorphism f*:m(RPZ) — m(RP'). By Theorem 8.6, f, is
a homomorphism Z/27 — Z. However, any such homomorphism must be the trivial
homomorphism. (Do you know why?) Let \:[0,1] — S? denote a path from the north
pole to the south pole along a meridian of constant longitude. It follows that [po A] = [a],
a generator for 7Z/27 = m (RPQ). Since the north and south pole are antipodal, these
points are identified in RP' after passage through f and . Hence [po f o] is nontrivial
in 1 (RP). But [po foX =[fopol = fu([poA]) =0, a contradiction. &
COROLLARY 8.11. If f:8? — R? is a continuous function such that f(—x) = —f(x) for
all x € 82, then f(x) = (0,0) for some x € S?.

Proof: If not, then g(x) = f(x)/||f(x)|| would be a continuous function g: $? — S with
g(—x) = —g(x) for all x € 52 O

Proof of Theorem 8.9: Suppose for every x € S?, that f(x) # f(—x). Then define
g(x) = f(x) — f(—x). Notice that g is continuous, g(—x) = —g(x), and g(x) # 0 for all
x € S2, a contradiction. %

COROLLARY 8.12. No subset of R? is homeomorphic to S2.

The corollary tells us that there is no cartographic map homeomorphic to the entire sphere.

Finally, we derive an unexpected corollary of our analysis of the fundamental group
of the circle, namely, the Fundamental Theorem of Algebra. This topological proof gives
a complete proof avoiding the difficulties in the approach of Gauss in Chapter 5 based on
connectedness.

THE FUNDAMENTAL THEOREM OF ALGEBRA. If p(z) = 2" +ap_ 12" P tarz+ag is
a polynomial with complex coefficients, then there is a complex number zy with p(zp) = 0.

Proof: Recall that C = R? and the nth power mapping h:z — 2" induces a mapping
h: 81 — ST which can be written as e — €. Lifting this mapping to the covering space
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w:R — S it represents n € Z = 71 (S?) via the identification of m1(S!) with Z given by
18] ().

Viewed as a mapping, h: S' — S, h induces the homomorphism h,: 71 (S1) — m1(S1).
The law of exponents implies that h, (0 — ™) = (0 — (™0 = ™m0 that is, h,
is multiplication by n.

We first consider a special case of the theorem—suppose

an—1| + |an—a| + -+ [ao| < 1.

Suppose p(z) has no root in € = {z € C | |z| < 1}. Define the mapping p:e? — R* — {0}
by p(z) = p(z). Restricting to S* = de? we get p|: S* — R*—{0}. Since p| can be extended
to €2, it follows (exercise) that p| is homotopic to a constant map. However, consider the
mapping

F(z,t) = 2" +t(an_12""* + -+ ao),

which gives a homotopy between F'(z,0) = 2™ and F(z,1) = p(z). If F(z,t) never vanishes
on S, the homotopy implies p| ~ z™. To establish this condition, we estimate for |z| = 1,
|F(2,8)] > |2"] = [t(an_12"" 4 - + ap)]
> 1 —t(Jan—12""" 4 - + |ao|)
::1——tﬂan_1|+-‘~-+]aob > 0.

As a class in m1(S1Y), [(z — 2™)] is not homotopic to the constant map while p| is, so we

get a contradiction.
To reduce the general case to this special case, let t € R, ¢t # 0, and let u = tz. So

p(u) =u" + Unu" o+ agu+ ag

= (t2)" + ap_1(t2)" "t -+ artz + ag.

If p(u) = 0, then

z +TZ +---+tn_1z—|—t—n—0.
Gy a
So given a zero for p(u) we get a zero for py(2) with fy(2) = 2" + L2 14 4 t—s and
vice versa. Taking ¢ large enough we can guarantee
an—1 a1 ao
e ] o 2]
and we can apply the special case. &

In Chapter 7 we proved that a subspace A of a space X, which is a deformation retract
of X, shares the same fundamental group as X . Furthermore, if X and Y are homeo-
morphic spaces, they share the same fundamental group. We generalize these conditions
to identify an important relation between spaces.
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DEFINITION 8.13. Two spaces are homotopy equivalent, denoted X ~ Y, if there are
mappings f: X - Y and g: Y — X withgo f ~idy and fog~idx.

If A C X is a deformation retract, then there is a mapping r: X — A for which ids =
roitA— Aandidyxy ~ior: X — X. Thus A is homotopy equivalent to X and homotopy
equivalence generalizes the relation of deformation retraction. Contractible spaces are
homotopy equivalent to a one-point space so homotopy equivalence is a weaker notion
than homeomorphism.

PROPOSITION 8.14. In a set of topological spaces, homotopy equivalence is an equivalence
relation.

Proof: Tt suffices to check transitivity since the other properties are clear. Suppose X ~Y
and Y ~ Z via mappings f: X — Y, oY — X:; t:Y — Z and u: Z — Y. Consider
tof: X - Zand gou: Z — X. Then

(gou)o(tof)~go(uot)o f
~goidy o f=go f~idx

and (to f)o(gou)~to(fog)ou
~toidyou=tou~idy.

Fixing a universe, that is, a set in which all relevant spaces are elements, the equiva-
lence class of a space X is called its homotopy type. The effectiveness of the fundamental
group to distinguish spaces is limited by homotopy equivalence.

ProproOsITION 8.15. If X and Y are homotopy-equivalent spaces via mappings f: X — Y
and g:Y — X, then the induced mappings f.: 71 (X, x0) — 7m1(Y, f(20)) and g.: m1 (Y, yo) —
m1(X, 9(yo)) are isomorphisms.

Proof: Let H: X x [0,1] — X be a homotopy between g o f and idx. Let 7:[0,1] — X
be the path v(t) = H(xo,t), so that v(0) = go f(xz¢) and (1) = xy. We can write the
induced homomorphisms:

m(X, 20) L5 11 (Y, f(0)) L 11 (X, g 0 f(20)) ~ w1 (X, o).

We claim that this composite is the identity homomorphism. Consider [A] € (X, ().
The result of the composite on this element is the following

A= [foAlgoforlm [y x(gofol)*nl.

Apply the homotopy H to get a homotopy from go f o X to A by H(A(t),s). We use this
homotopy to construct one from v~! % (go f o \) x v to X by reparametrizising according
to the diagram:
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H(M?),5)
Y Y

Y gfh Y

In the triangles, we have taken v and opened it into a triangle with the pictured curves
given by isobars (constant paths). It follows from the homotopy that [y~ 1% (go fo))*v] =
[A]. This implies that f, is injective and g, surjective. To finish the proof consider the
composite

T (Y, f(x0)) Lo mi(X, g o f(20)) Lo m(Y, fogo flzo)) 5 m (Y, f(x0)),

where 7:[0,1] — Y is the path n(t) = H(f(xo),t) in the homotopy H between f o g and
idy. The same argument applies mutatis mutandis to show that f, is surjective and g, is
injective and hence both homomorphisms are isomorphisms. &

Homotopy equivalence is cruder than homeomorphism but includes it as a special case.
To give an idea of how crude homotopy equivalence is, notice, for all n, R"™ is homotopy
equivalent to a point. The letters of the alphabet as subspaces of R? show other failures
to distinguish between different topological spaces.

A~D~S' B StV S O~ B~ F s, ...

Proposition 8.15 shows that the fundamental group is a homotopy invariant, that
is, if X ~ Y, then m(X) = m(Y). Thinking of the fundamental group as a filter that
distinguishes spaces, it can only hope to catch homotopy inequivalent spaces. In later chap-
ters we will consider other homotopy invariants. Poincaré [64] introduced the fundamental
group to distinguish certain manifolds that were indistinguishable via other combinatorial
invariants.

Exercises

1. Suppose that f: S1 — S' has an extension f: e? — S, that is, the mapping f satisfies
foi= f where i:S' — €2 is the inclusion. Show that f is null-homotopic, that is,
f is homotopic to the constant mapping.

2. Though we will not prove it, one of the useful theorems for computing the fundamental
groups of spaces is the Seifert-van Kampen Theorem [53]. A special case of
this theorem is the following: If a path-connected space X is a union X = U UV
with V' simply-connected and xo € U NV, then the inclusion i:U — X induces a
surjection i,:m (U, x9) — m1(X,x0) with kernel given by the smallest subgroup of

11



i)
ii)

m1 (U, o) containing j.(m (U NV, xq)), where j:U NV — U denotes the inclusion.
Use the descriptions of RP? of previous chapters and this theorem to make another
computation of 7 (RP?).

Suppose that X is simply-connected and p: X — X is a covering space of X. Show
that p is a homeomorphism.

Let Q(X, xg) denote the based loop space of X given by
Q(X,z0) = {A:]0,1] — X | A is continuous and A(0) = A\(1) = zo}.

This subspace of map(I, X) is topologized with the compact-open topology. Show
that

mo(Q2(X, xp)), the collection of path-components of (X, () is in one-to-one corre-
spondence with 71 (X, x¢).

Show that the loop multiplication m: Q(X, z¢) x Q(X, zg) — Q(X, z¢) given by m(A, )
= A x {1 is a continuous multiplication on Q(X, z¢).

. We know from Theorem 7.15 and Theorem 8.6 that the fundamental group of the

torus, S' x S'is Z x Z. Use the argument for the computation of 7 (RP?) = 7 /27
to prove 1 (St x S1) 2 Z x Z by viewing the torus as a quotient of [0, 1] x [0, 1].

. Let’s make a space—take two distinct 2-spheres, S?, and join them by a line segment—

kinda like dumbbells, but with a very thin connector. Denote this space by X and
show that it is simply-connected.
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